NESA Number

CHERRYBROOK TECHNOLOGY HIGH SCHOOL

YEAR 12
AP4
MATHEMATICS ADVANCED

General . Reading time — 10 minutes
Instructions Working time — 3 hours

. Write using black pen

. Calculators approved by NESA may be used

. A reference sheet is provided

. For questions in Section I, show relevant mathematical

reasoning and/or calculations
. Write your NESA Number on the Question Booklet, Multiple
Choice sheet and any spare writing paper used

Total marks: Section | — 10 marks (pages 1 —4)
100 . Attempt Questions 1 — 10
. Allow about 15 minutes for this section

Section Il = 90 marks (pages 5 — 31)
. Attempt Questions 11 — 35
. Allow about 2 hours and 45 minutes for this section



- BLANK PAGE —



Section |

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1 What is the amplitude and period of the function f(x)=3tan (g) ?

A. Amplitude = 3, Period = 107
B. No amplitude , Period = 57
C. Amplitude = 3, Period = 57
D. No Amplitude , Period = 107

2  Thecircle x2 + y2 = 9 is transformed to (x — 2)? + (y + 3)2 =9
What are the horizontal and vertical translations?

Horizontally left 3 units, vertically up 2 units
Horizontally right 3 units, vertically down 2 units

Horizontally left 2 units, vertically up 3 units

OO0 ® »

Horizontally right 2 units, vertically down 3 units

3 What amount (to the nearest dollar) must be invested now at 4% per annum, compounded
quarterly, so that in five years it will have grown to $60 000?

A. $27 383
B. $49173
C. $49316
D. $57088
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Which interval gives the domain of f(x)= = ?
4-X

A, (—x,2)

B. (2,0)

C. (-2,2)

D. [-2,2]

The dot plots below show the class scores in the same topic test before and after a unit of
work was completed. They are drawn on the same scale.

Before

After

Which statement about the change in scores from before to after is correct?

The mean increased and the standard deviation increased.
The mean increased and the standard deviation decreased.

The mean decreased and the standard deviation increased.

o o w >

The mean decreased and the standard deviation decreased.
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6 The function y = f(x) is transformed to y = g(x), as shown in the diagram.

flx) 4

y

2(x) A

=Y
=Y

0

\B

________[J________

Which of the following equations best represents the transformed function?

A g =fx-2)
B. g(x)=f(2-x)
C. gx)=-f(x-2)
D. gx) =-f(2~-x)

7 The acceleration of a particle moving in a straight line is given by a = 4t + 4 . Initially the
particle has a velocity of —30 m/s. When is the particle at rest?

A t=0
B. t=2
C. t=3
D. t=5
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10

Consider the information about events A and B.
e P(B)=0.6
e P(A|IB)=04
e P(A|B)=0.8

What is the value of P(B|A)?

Az
5
B. 2
5
c. 2
7
D. *
5

Let log, 10 = x. Which expression is equal to log, (7—1()) ?

A —(1+x)

B. (1+x)™!
x
10
1
10x

C.

D.

If ¥ = sin x , which of the following is g_y ?
X

A. cotx
B. tanx
C. —cotx

D. —tanx

End of Section |

CTHS Year 12 Mathematics Advanced AP4 2023



Section 11

90 marks
Attempt Questions 11 — 35
Allow about 2 hours and 45 minutes for this section

+ Answer the questions in the spaces provided. These spaces provide guidance for the expected
length of response.

+  For questions in Section Il, your responses should include relevant mathematical reasoning
and/or calculations.

- Extra writing space is provided at the back of this booklet.
If you use this space, clearly indicate which question you are answering.

Question 11 (1 mark)

Write an expression for the shaded area shown in the diagram below. 1

L}
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Question 12 (2 marks)

The probability distribution of a discrete random variable X is given in the table below.

X 3 5 9 a
P(X =x) 0.1 0.3 0.2 0.4

(@ Show that a = 30 given that E(X) = 15.6

(b) Hence, find the variance of X.

Question 13 (1 mark)

1-sin® x
cotx

Simplify
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Question 14 (4 marks)

Consider the geometric series 64 — 16a + 4a? —...

(@) For what values of a does this series have a limiting sum?

(b) Itis known that the limiting sum of the series is 256. Find the value of a.
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Question 15 (3 marks)

Jimmy recorded the number of cars in the carpark each day.

He displayed the data in the boxplot below:

| —

]
1
0 2 4 6 8§ 10 12 14 16 18 20 22 24 26 28 30 32

(@ Find the interquartile range given that Q; = 10.

(b) One day, Jimmy recorded 49 cars in the carpark. Is this recording an outlier?
Justify your answer.

(©)

Comment on the shape of the distribution of this boxplot.
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Question 16 (3 marks)

A circle is divided into n sectors in such a way that the angles of the sectors are in
arithmetic progression. The smallest two angles are 3° and 5°. Find the value of n.

Question 17 (2 marks)

1

N1+2x

Find I dx .
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Question 18 (3 marks)

The diagram below shows a sketch of the curve y = 23*,

(o]

(@) Use the trapezoidal rule with three function values to find an approximate value for 2

1
_[O 2% dX rounded to two decimal places.

1
(b) Isthe approximate for JO 2% dx an under approximation or an over approximation? 1

Justify your answer.

CTHS Year 12 Mathematics Advanced AP4 2023 10



Question 19 (3 marks)

In the diagram, CD is an arc of a circle with radius 8 cm and centre O.

21
3

T is the midpoint of OC. It is given that COD = —

B em
0

Calculate the perimeter of CTD in exact form.

NOT TO SCALE

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 20 (4 marks)

The scatterplot below shows the relationship between age and how well you can balance
with your body.

121

10 1

Balance
(@)Y

(@)

10 20 30 40 50 60 70 80 90

Age
Akash uses his calculator and calculates his correlation coefficient to be » = 1.73.
Without calculating the correlation coefficient, give ONE reason why r = 1.73 is
incorrect.

(b)

Find the value of Pearson’s correlation coefficient to two decimal places and hence
describe the strength and direction of the association.

(©)

Write down ONE age that would be an example of interpolation.

(d)

Give ONE example of a limitation of this model.

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 21 (3 marks)

State the transformations in order that need to be applied to the hyperbola y = 1 to obtain
X

- 1 -2
3X+6

y

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 22 (4 marks)

The table below shows the present value of an annuity with a contribution of $1.

Number of Interest rate per period as a decimal
periods | 0001 | 000125 | 00015 | 0.00175 | 0.002
300 | 259.0707 | 250.0398 | 241.4379 | 233.2418 | 226.3477
330 | 280.9577 | 270.2690 | 260.1353 | 250.5239 | 240.7211
360 | 302.1982 | 289.7541 | 278.0106 | 266.9228 | 258.9154
390 | 325.2961 | 309.6290 | 297.0981 | 283.6291 | 261.9432

(@ Sally pays $2 000 into an annuity at the end of each month at 1.2% p.a. compounded
monthly for 25 years. What is the present value of her annuity?

(b) Thomas borrowed $600 000 to purchase a home, with interest charged at 1.5% per
annum compounding monthly. He agrees to repay the loan by making equal
monthly payments over a 30-year period.

What is the monthly payment? Answer correct to the nearest cent.
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Question 23 (6 marks)

The population of ants is growing exponentially according to the equation P = 50e* |
where t is the time in days after the insect is first counted. After four days, it is observed
that the population has doubled from the initial amount.

(@ Find the initial number of ants and show that k = % In2

(b) At what rate (to the nearest whole number) is the population increasing at day 15?

(c) How many days will it take for the number of ants to first reach 15007

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 24 (4 marks)

The probability density function for the continuous random variable X is given by:

f(X):{kx(4—x), 13xs4}

0 , otherwise

(@ Show that k :%

(b) Determine the mode of X.

Questions 11-24 are worth 43 marks in total
CTHS Year 12 Mathematics Advanced AP4 2023
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Question 25 (3 marks)

In a closet there are shirts in three sizes. 3 are small, 8 are medium and 5 are large.
Johnny takes two shirts from the closet at random without replacement.

The tree diagram below has been started to show the probabilities of different
combinations.

(@ Complete the tree diagram by writing the probabilities on the remaining branches. 1

(b)  Find the probability that Johnny chooses two shirts of the same size. 2

CTHS Year 12 Mathematics Advanced AP4 2023 17



Question 26 (3 marks)

(@)  Show that %(xln x—X)=Inx

e
(b)  Hence, evaluate L In x? dx .

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 27 (3 marks)

The results of a Mathematics test are normally distributed. Sharon scored 64 in her
Mathematics test. The mean for the test was 52 and the variance was 16.

(@) Did Sharon do relatively well against her cohort? Justify your answer.

(b) What percentage of students scored between 44 and 64?

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 28 (4 marks)

The height of the tide at Manly Beach can be modelled by the function:

H(t) = 4+2cos(%tj, t>0 , where H(t) isthe height of the tide in metres after t hours.

(@) State the time interval between two successive high tides.

(b)  Sketch the function H(t) = 4+2cos(%t] in the domain 0<t<6 , labelling

important features.

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 29 (3 marks)

A small school has counted the number of Year 12 students in Mathematics and Physics. 3
They found that:

12 students study Mathematics only

5 students study Physics only

3 students study neither

x students study both.

Let M be the event that a Year 12 student studies Mathematics and let P be the event that
a Year 12 student studies Physics.

By first drawing a VVenn diagram, determine the value of x such that events M and P are
independent.
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Question 30 (7 marks)

Consider the curve given by f(x) = 3x? — x3 .

(@) Find any stationary points and determine their nature.

(b) Find any points of inflection.

CTHS Year 12 Mathematics Advanced AP4 2023
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(c) Sketch the graph of y = f(x), showing any stationary points, points of inflection
and intercepts with the x and y axes.

End of Question 30

Please turn over

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 31 (3 marks)

The graph of y = f(x) in the domain (—oo, o) is shown below.

v
A

A 4

— P

There is a horizontal asymptote at the x-axis.

Sketch the graph of y=-2f GJH , labelling important features including any
intercepts, asymptotes and stationary points.
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Question 32 (3 marks)

The curve y = px3 + gx passes through the point (1, 4). The tangent at this point is
parallel to the line y = 2x — 6. Find the values of p and q.

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 33 (4 marks)

NOT TO SCALE

5]

The shaded region OAB is bounded by the parabolas y = x2, y = 3 — 2x?

and the x-axis. It is given that point A has the coordinates (1, 1) and O is the origin.

(@ Find the coordinates of B.

(b)  Show that the exact area of the shaded region OAB is given by:

[Z\E— 2] square units.

CTHS Year 12 Mathematics Advanced AP4 2023
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End of Question 33

Please turn over
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Question 34 (6 marks)

John borrowed an amount $P at a rate of 3.6% per annum compounded monthly on a
reducing balance. At the end of each month, he repays an amount of $M.

(@) Show that the amount owing at the end of the second month is 1
A, = P(1.003)%2 — M(1.003) — M .

(b) Itis now given that the amount borrowed is $50 000 and his monthly repayment is 2
$350. Show that the amount owing after one year is approximately $47 560.
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(c) Find how many months it will take for John to fully repay the loan.

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 35 (8 marks)

¥y NOT TO SCALE

S(x. v)

R(4.0) |6 x

The diagram above shows the circle x2 + y2 = 36 . The point S(x, ) lies on the circle in
the first quadrant. R(4, 0) lies on the x-axis and T (0, 2) lies on the y-axis and O is the

origin. The size of ZSOR = a where O< & <% :

(@ Show that the area of ASOR is 12sin« . 1

(b)  Hence, show that the area of the quadrilateral ORST is given by: 2
A=6cosa(2tana +1)
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(c) Find the value of tan & for which the area A is a maximum. 3

(d) Hence, or otherwise, when the area is a maximum, find the coordinates of point S in 2
exact form.

End of Paper
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Section Il Extra writing space

If you use this space, clearly indicate which question you are answering.

CTHS Year 12 Mathematics Advanced AP4 2023
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Section Il Extra writing space

If you use this space, clearly indicate which question you are answering.
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Year 12 Mathematics Advanced Section | — Answer Sheet

NESA Number

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample: 2+4=(A) 2 (B) 6(C)8 (D) 9
AO bBe@ CO DO

If you think you have made a mistake, put a cross through the incorrect answer and fill
in the new answer.

A@® B@® cO DO

If you change your mind and have crossed out what you consider to be the correct
answer, then indicate the correct answer by writing the word correct and drawing an
arrow as follows. correct

A® @B O pO

1. AO BO CO DO
2. AO BO CO DO
3. AO BO CO DO
4. AO BO CO DO
5. AO BO CO DO
6. AO BO CO DO
7. AO BO CO DO
8. AO BO CO DO
9. AO BO CO DO
10. AO BO CO DO
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Section I

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1 What is the amplitude and period of the function f(x)=3tan (%j ?

A. Amplitude =3, Period = 107
No amplitude , Period = 57 Pf,n, aoL - —

C. Amplitude =3, Period = 57

f

D. No Amplitude , Period = 107 - S m

2 Thecircle x2 + y? = 9 is transformed to (x — 2)2 + (y +3)2 =9..
What are the horizontal and vertical translations?

Horizontally left 3 units, vertically up 2 units
Horizontally right 3 units, vertically down 2 units

A.

B.

C. Horizontally left 2 units, vertically up 3 units
@ Horizontally right 2 units, vertically down 3 units

3 What amount (to the nearest dollar) must be invested now at 4% per annum, compounded
quarterly, so that in five years it will have grown to $60 000?

20 M= i"_./_
A. $27383 Loooo = P(|'C7I> Y
$49 173 00l
C. $49316 D- boooo prdenlry
~— 20 v
D. $57088 |. ol
_ N2 XY
Harra ... =y,
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4

5

Which interval gives the domain of f(x)= P ?

A (=,2) ’ U-%2 >0

B (2 (2« 2=y >0
(€) 22

D. [-2,2] i S —

/ \

The dot plots below show the class scores in the same topic test before and after a unit of
work was completed. They are drawn on the same scale.

Before o ®
e e o000 o
e 00000000000
. 1 ' 1 1 ¢ I I 0 1] -
L L L L L L L L L D D e e B e L
After *
o
e o0
e o oo
e 0o oo
o000 000000
——t F——t—

Y

Which statement about the change in scores from before to after is correct?

A. The mean increased and the standard deviation increased.
The mean increased and the standard deviation decreased.
C. The mean decreased and the standard deviation increased.

D. The mean decreased and the standard deviation decreased.
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6 The function y = f(x) is transformed to y = g(x), as shown in the diagram.

fx) A g2(x) A

Which of the following equations best represents the transformed function?

A gx)=f(x—-2)
B. g(x)=f(2-x

‘ .
C. g(x)=—f(x—2) \l = \)
@ 900 = —f(2—x) \ |

-£E9=ref lecked o\l&mul— R xX-asS o _
- $% veflechkd abovk (R Y-arts ‘?( 1-%)
—LEW trewelG duwks do Re night
7  The acceleration of a particle moving in a straight line is given by a = 4t + 4 . Initially the
particle has a velocity of —30 m/s. When is the particle at rest?

t=0 Veotiut +C
B. t=2
(©) =3 t=o, v=-30
D. t=5 "‘C_:“BO

V= 2k 4 £-30
) 2(‘349.!-.—\ 5)

= 2(E+s) (£-3)
+.>/o
‘. -t-:_s
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8 Consider the information about events A and B.

e P(B)=06 PlB PCHOB) PQH’B)
e P(AIB) =04 ( /A) - P(A P(ANR)
. P(AIB) =08 >_. - TP@®)
What is the value of P(B|A)? P ( F\ (B) - p(gg—s)ﬁg - M}
A g _P(ANB) wo-e
B 1 =06 P(ANB)_ .y
@% So;\,&.tp ﬁﬂ3>:o.8’ .0'6
o o U - I(ANB)
. g ' — = é
, LP(ANB)= & 28
<+ P(B/R).trs .3 ) 25 25
425 1 '
9 ;clog7 10 = x. Which expression is equal to log{%) ? :La;S J
—(1+x) = _ | J
(1+x)71 0‘]_1l lOlj':‘o ©f=
c 112 T - \oj-qu\o
D. Tox = - (lofj'lﬂ + ‘031I0>
%‘ r& AT - - L \ & XD

10 Ife¥ = sinx’, which of the following is % 2

dx
cotx

Y = (st
B. tanx
C. —cotx 5‘“—5. - (osoc
D. —tanx e Samn %
= colx
End of Section I
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Section 11

90 marks
Attempt Questions 11 — 35
Allow about 2 hours and 45 minutes for this section

+ Answer the questions in the spaces provided. These spaces provide guidance for the expected
length of response.

+  For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

+  Extra writing space is provided at the back of this booklet.
If you use this space, clearly indicate which question you are answering.

Question 11 (1 mark)

Write an expression for the shaded area shown in the diagram below. 1

St
/<

Y= x)

1 4

S0T FEOSOTOTLOTOTOTOTOTO IO TS
R R R R X
R KRR 4

d

()
(‘a'vrb*-) e + ‘ (-fbc.) an\ + G(,w)dm.
J |J I )

0 Oo- .
or \ by d  — Low) du + I Lewyd
J y J
O & 2
a a d
or g &cmol«n + | foodn + ferd che
o ¢ ©
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Question 12 (2 marks)

The probability distribution of a discrete random variable X is given in the table below.

X 3 5 9 a
P(X =x) 0.1 0.3 0.2 0.4

(a) Show that a = 30 given that E(X) = 15.6

E(X) = 3x0.14+ 5x0-3+4%x0:2+ a.x0-4

20'3-1'1'54'1'8""@“"0" .........................................................................................

N S S Ny
- fo Ll — By od i A%V

3. L+b6ba =156
o = ‘S'é‘3'L - 30
—o#

(b) Hence, find the variance of X.

Vo (%) = 7 pey — E(M]L

2 7 X 2;
T 3 xb6 | +rOXOD+9X0.2 +30 X0y
_ [se]t

=141 2y

Question 13 (1 mark)

1—sin® x

Simplify
cotx

c CDS 2 x S 2

s w

Stk COS 2
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Question 14 (4 marks)

Consider the geometric series 64 — 16a + 4a® —...

(a) For what values of a does this series have a limiting sum? 2
. -lea  _ ya”
F—= b4 —lba
AN i<
i\
| LY )
& a Z1 vt
o —tpLa LY
-4 &a <4
4 7 o7 -h
(b) It is known that the limiting sum of the series is 256. Find the value of a 2
5. .= &
—
e
e+ - os¢
(—V
S A
256
ro= | — &4
256
= 3
£
l—r
- & 2 S O =-3
4 4
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Question 15 (3 marks)

Jimmy recorded the number of cars in the carpark each day.

He displayed the data in the boxplot below:

| -

-
—
-+
—
-
——
.
-
-
—
.
—
-
—
o
—
-
——
e
-
-
—
.
—

10 12 14 16 18 20 22 24 26 28 30 32

o
g
NN
o)
o0

(a) Find the interquartile range given that Q; = 10.

Qq}- Ql = 26— 10
= 16

(b)  One day, Jimmy recorded 49 cars in the carpark. Is this recording an outlier?
Justify your answer.

Q, +1.5 xI(9R

= 50

Since 49 £50 . The recordud 44

not an outlier

(c) Comment on the shape of the distribution of this boxplot.

Ne,ja}\'vdﬁ chewed, distribohion
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Question 16 (3 marks)

A circle is divided into n sectors in such a way that the angles of the sectors are in
arithmetic progression. The smallest two angles are 3° and 5°. Find the value of n.

a0 ©
D R - —
5300
n
3go = 6+ U‘\—i\)'f‘—j
> L ]
s | P 1 f)\/\l DN
[ 2O =& W =LV 2
')nl\l A [T 7 8 .99 —_— D
AN A = ="\ — ey — Y

Question 17 (2 marks)

1

V1+2x

Find j dx .

r ..'/2
i Q'/.i-.‘—zx_\ )
z |*\ J "
) L]
[ 2=
= Y A I B VI -
3 \k >, 3=C

CTHS Year 12 Mathematics Advanced AP4 2023



Question 18 (3 marks)

The diagram below shows a sketch of the curve y = 23%,

y
A

> X

(0]

(a) Use the trapezoidal rule with three function values to find an approximate value for 2

1
I . 2% dx rounded to two decimal places.

1
(b)  Is the approximate for J-O 2** dx an under approximation or an over approximation? 1

Justify your answer.

It Is over opmoximation

4 s OO A % -{—rwpajz'vm A2

move. o oo Grusn
UW //: ane .
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Question 19 (3 marks)

In the diagram, CD is an arc of a circle with radius 8 cm and centre O.
T is the midpoint of OC. It is given that 2COD = 2z

3

c NOT TO SCALE

Scm
O

Calculate the perimeter of CTD in exact form.

P
(D = r@
- Q@ x 2IT
_ kw2
-3

CT =

V 2
1o em ., P=oo [gT+4 + )i
- '_'_' 3 Crn
==H {7
le IT
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Question 20 (4 marks)

The scatterplot below shows the relationship between age and how well you can balance
with your body.

121

10+ °

Balance

10 20 30 40 50 60 70 80 90
Age
(a)  Akash uses his calculator and calculates his correlation coefficient to be r = 1.73.
Without calculating the correlation coefficient, give ONE reason why r = 1.73 is

incorrect.
v ey bdwenn -1 ande !
o Since  #o above aasocoduon w

m:e)a.ﬂwe_ z, —1 LY <Lo

(b) Find the value of Pearson’s correlation coefficient to two decimal places and hence
describe the strength and direction of the association.

(=-0 .95s5

Skbnﬁ ne_ja.b'.' ve.  aaeoolien

(c)  Write down ONE age that would be an example of interpolation.

Marmj P@SS(UC orewent ! IO{ aﬂe_gqo

(d) Give ONE example of a limitation of this model.

1

= Babies under \ Yy odd won't hoe ﬂood body balamca

- WUk 0qe bodamce rduces b

W\ Mow| “rwt be 2000

CTHS Year 12 Mathematics Advanced AP4 2023

12



Question 21 (3 marks)

. . 1 .
State the transformations in order that need to be applied to the hyperbola y =— to obtain
X

1

= -2.
3x+6

y

U - ' )
<

S 3(tr2)
7

- Hor(‘cgpr\hufj Dilaked bﬁ a SQD\RL(?QLCJ!-\'/T‘ ji Srom IRe

Y -axis

Trornltad o bz J%u— uj 2 unds

NALNES

- Traalndd down by 2 uruks.

J

OR

— Vuholly  fravolaled  dowm by 2
= Horigowblly  tramslbid b gl LY 542
OR,
- Horcz&w\wkﬂ bowas\ded A U W.yj_é
" Horipetrlly diloded by o gwgﬁdmggl/j
- \)”’h““j bl d Lowr By 2 yriks.
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Question 22 (4 marks)

The table below shows the present value of an annuity with a contribution of $1.

Number of Interest rate per period as a decimal

periods 10001 | 0.00125 | 0.0015 | 0.00175 | 0.002

300 259.0707 | 250.0398 | 241.4379 | 233.2418 | 226.3477

330 280.9577 | 270.2690 | 260.1353 | 250.5239 | 240.7211

360 302.1982 | 289.7541 | 278.0106 | 266.9228 | 258.9154

390 325.2961 | 309.6290 | 297.0981 | 283.6291 | 261.9432

(a) Sally pays $2 000 into an annuity at the end of each month at 1.2% p.a. compounded
monthly for 25 years. What is the present value of her annuity?

V‘:i;i'/.
00O X 2590707 - @.00|
_—_ﬂIS'SICQlL}(-LFo 2S5 %12 =300

(b) Thomas borrowed $600 000 to purchase a home, with interest charged at 1.5% per
annum compounding monthly. He agrees to repay the loan by making equal
monthly payments over a 30-year period.

What is the monthly payment? Answer correct to the nearest cent.

(oooOD =. M x 2§G754| /;S-./’.:D-OOIZS

[2—

M = ©00000 N =230x2

2%G-7154| =360

S RN
"'EP'ZO 1o él2
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Question 23 (6 marks)

The population of ants is growing exponentially according to the equation P = 50e*t |
where t is the time in days after the insect is first counted. After four days, it is observed
that the population has doubled from the initial amount.

(a)  Find the initial number of ants and show that & = iln 2 2

O o)
SO x6€ K. = -é,bn.z.

o~
~
(!
)

t
(hal P

0:—

fp = 20

. Double of iruttol =10¢
U

kx4
(00 = So C

T~

Gk
e = 2
(b) At what rate (to the nearest whole number) is the population increasing at day 15? 2
dP So xk Q,Jc

Fr 1 b2 %15
A—E%;{S;ggx%{b\.zxe

~NJ
A Ll Y 73 // danj
(c) How many days will it take for the number of ants to first reach 15007 2

—L—J/ulx(:-
,SOO = S-O X e
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Question 24 (4 marks)

The probability density function for the continuous random variable X is given by:

1) kx(4—-x), 1<x<4
X)=
0 , otherwise
(a) Show that k= é 2
[
N

e

[ ( Yy = | 2
2 — =
IGEE
(
R R Y & B S
R | ax - 3 P
o (32— 4| _(2-1)\z
N\ S) N /)
(b) Determine the mode of X. 2
Oy = L y(q _ 2 )
| =~ S
s:(cnﬂ 9
T — Mapimuven volve al”
" /.'\ x=2
// l \\ cr—Mode =2,
\
{ '. \ floo=f -%
2 * & My oy = 2,
F60y=- ;‘- <0

Questions 11-24 are worth 43 marks in total A= S mode .
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Question 25 (3 marks)

In a closet there are shirts in three sizes. 3 are small, 8 are medium and 5 are large.
Johnny takes two shirts from the closet at random without replacement.
The tree diagram below has been started to show the probabilities of different

combinations.
2
5 §
&

: S /lq M
16 S‘/IS 7
9 3/’ 5 S
16 M 115,
& Shs L

16
3/is S
L Ble —— m
4lis L

(a) Complete the tree diagram by writing the probabilities on the remaining branches.

(b) Find the probability that Johnny chooses two shirts of the same size.

P(SS)+P(mm) + P(LL)

:—3;(—2;--!—_8.‘4-7" S,LL,

5 615

14
D
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Question 26 (3 marks)

(@)  Show that d (xInx—x)=Inx
dx

j_w(“,hx —x ) Wil

C /G N

(b) Hence, evaluate JT Inx?dx.

che

Takee ,e,;\-&,jmi 19(;}{ bty pudes -

(S

e

r\
~ [ . o |
Inw dnt > I__"’jﬂ"!’ 'IJ,

r
e ', ré
L

~

(L‘,\ = < | .
J
/

()
= 2 ‘-"'-.L.-.v — x|
L 3y

= }:Ce,!lme -¢) ——th—l}j

; 2[%—/6 —o +1]

2
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Question 27 (3 marks)

The results of a Mathematics test are normally distributed. Sharon scored 64 in her
Mathematics test. The mean for the test was 52 and the variance was 16.

(a) Did Sharon do relatively well against her cohort? Justify your answer.

|2
4
3

)
—

-

Yes.  Shoron diol really

will _ao her SO w0 3 5D
alrone M. mMmean.
(b) What percentage of students scored between 44 and 64?

qs asl _ 4y4-52 64-5S

et qq% a. £= - Z, = o 2

L I ~ b - 3
/‘_\ i -

AN -
,/.'., L ‘| 1\{\ Total 70 for 1< Z <3

PR = G7.35"
/-o
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Question 28 (4 marks)

The height of the tide at Manly Beach can be modelled by the function:

H(t)=4+ 2005(%) t>0 ,where H(¢) is the height of the tide in metres after ¢ hours

(a) State the time interval between two successive high tides.
Periodd = 2T - 12 hourts .
/6

(b)  Sketch the function H(¢) =4+ 2cos (%tj in the domain 0 <z <6 , labelling

important features.

ML) i rmaekT e

)]

7

4+ houwvs .

CTHS Year 12 Mathematics Advanced AP4 2023
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Question 29 (3 marks)

A small school has counted the number of Year 12 students in Mathematics and Physics. 3
They found that:

e 12 students study Mathematics only
e 5 students study Physics only

e 3 students study neither

e x students study both.

Let M be the event that a Year 12 student studies Mathematics and let P be the event that
a Year 12 student studies Physics.

By first drawing a Venn diagram, determine the value of x such that events M and P are
independent.

M X P\

/ \

[ 12 = | S

\ /
X,

P(mnr) = P(m)P(P)

X _ x5

20+% 204% 20 +%

20-+4%) :Qo_a-x) (S

A0OX +;Z/ = 69 + 7% 4—/7((
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Question 30 (7 marks)

Consider the curve given by f(x) = 3x% — x3 .

(a) Find any stationary points and determine their nature.

Cn) = bx— 3%

|
'Y' (ny = 0O
= I3x(2-x)=-0
X-0 , X=2
3: (®) 3 - L’
]
') = 6 >0 U - (e,0) wa bul
§ay= 6-'> o
=-¢ <o [1 - (ZH) = a deead manimes
(b) Find any points of inflection. 2
‘F"(‘)L) =~ ©
(- 6x =0
61 =0
= (12
y=2
x |09 [ -1
Swner  lnr lehf Cjwr\po
'f‘"(v\) 0-t>0 | o .°'Q<o (I 2) w a PM‘ o/-’m[ltd)on,
\J A
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(c)  Sketch the graph of y = f(x), showing any stationary points, points of inflection 2

and intercepts with the x and y axes.

X -'nk .
p R
N A 32 - %°=0
\ x2(2-2)=®

&
_

End of Question 30

Please turn over
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Question 31 (3 marks)

The graph of y = f(x) in the domain (—o0, ) is shown below.

y
(l, ])
et

A

There is a horizontal asymptote at the x-axis.

Sketch the graph of y =-2f (%) +1 , labelling important features including any

intercepts, asymptotes and stationary points.

Hor Horigontal olilafion by a seak fackor
/ o4
, -3) = (4 -1)
(676) = (%7 4\3
S W W)
Vot Verhieal lilabion 6y o seale fackr -2

e 1) - (“U D) (_q,’L\
(_D ] O) - (0,0) ~
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Question 32 (3 marks)

The curve y = px3 + gx passes through the point (1, 4). The tangent at this point is
parallel to the line y = 2x — 6. Find the values of p and q.

= 3pX + g,
e : ’
R AR Sthee /] 4 giver line
" o (1) Y W
b rq
e

3ptq =2 @)
From M al/: é!,_;p
"‘ .3P "’"l‘l’—b - 2
JLP = -2
b=~
- 9 = 4--—]

V p—

=5
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Question 33 (4 marks)

NOT TO SCALE

(3]

The shaded region OAB is bounded by the parabolas y = x2,y = 3 — 2x?
and the x-axis. It is given that point A has the coordinates (1, 1) and O is the origin.

(a) Find the coordinates of B.

Sub Y:-o
<
3 -2x%
PV - . __3' b { I-“B‘ 2 O
= b} LY 2
(b) Show that the exact area of the shaded region OAB is given by: 3

(2\/E - ZJ square units. 3
> £

QM. = Dc_ld i
L - 2 — 2x2) dop
/
o
l l__ U3'2.
3 2 - £ 31
= Llx * e
9—_ O |
3 2 Z\3 _
= (-0} + [3)3 - Z«%)3 -3
3\. / \ v v /V
- 3 =
= 4 4+ a2 - L
J V L )
CTHS Year 12 Mathematics Advanced AP4 2023
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S I
(74 ) v
S ST )
2
R B I~ e R 1¢ B V] ()
| PR
End of Question 33

Please turn over

CTHS Year 12 Mathematics Advanced AP4 2023

27



Question 34 (6 marks)

John borrowed an amount $P at a rate of 3.6% per annum compounded monthly on a
reducing balance. At the end of each month, he repays an amount of $M.

(a)  Show that the amount owing at the end of the second month is 1
A, = P(1.003)? — M(1.003) — M .

=P ot OB a1 =.0:003%

A, = A (reo3) —m
= [P(_I-OO'Z))—M:I (1'003)—""’
= P (ho02) — M [foed) =

(b) It is now given that the amount borrowed is $50 000 and his monthly repayment is 2
$350. Show that the amount owing after one year is approximately $47 560.

A?) = ALL"-°3> - M

(f

[P (l-oo?,)'l_ M ('\.003 B—m._(_ (1003~

= p (1003) — ™ [ I+ toc3  1003™)

o3 n-

An-= p (‘I-oo 3) - M (l+—|-003+ I-ooﬁ’— ---41'003

A Y

Q.. ol
12 L ( )

"=l

A, - 51%29.949%0t — 42£9-997
= YI5€o . 00]3)
~ $ 47560

i

\
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(c) Find how many months it will take for John to fully repay the loan. 3

A\_n_' =0

n / T
& = 50000 (1.002) — 35S0 (1003 —1)
; G003
— Soooo ( \~00'?>\'ﬂ_ 350 000 ,g\-oo’sﬂ-\- 23S0 000
- > 3
- \.00—5’“ — ?-ooooo_\ 4 950000
- - S 3

N\
|03 x Q00000 | 256 00O

=

3 3

7
\-0023 ~ 3Sec0o-
200-666

35S

loq (74

log [1003
J

= [36-819...
~ 137 Mmentlzs

14 wtll fader 15YS and 7 wor

Yo pony %tﬁbwan
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Question 35 (8 marks)

h% NOT TO SCALE
6
S(x. y)
7(0.2)
o
-6 o R(4.0) |6 X
-6

The diagram above shows the circle x? + y? = 36 . The point S(x, ) lies on the circle in
the first quadrant. R(4, 0) lies on the x-axis and T'(0, 2) lies on the y-axis and O is the

origin. The size of ZSOR = a where 0 <« <% .

(a) Show that the area of ASOR is 12sina . 1
............................ MLAsQe = 1 0% Xx0Rx%xSemd
2
- "i % G x4 RSl
* - L)
fondius = |2 Semel
(b) Hence, show that the area of the quadrilateral ORST is given by: 2
A=6cosa(2tana +1)
Pren 93’, A TOS
N P SV 7 X W
............................................................................................................................ = 2K6K2Km(q‘oa{)
= 6 cosd
. Reen o quad ORST
........................................ M ACIQSIV\J'\"GLO Sok
= Gensd (ASns 410

CoSAw

N
= L eend Q.’sma—w_)
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(©)

Find the value of tan « for which the area A is a maximum.

A< 600s & omat1)
C J
= [28wnd + Gcpod
M _ 12 (0SS — b St
dd .
Maximum orea. pmay OCCuy Wf\w\éf::o
J EFS
[1COS K = 6Sendh =0
1L WS & = 6 send
2 - taw 2
1A .
——— = - RSwd -t
T 2k (Je2) -6 s (e 2)
= q"‘ksg >D ..'-

Tom oLz 2 0\\'\r'£o AV IrU™M ATea. .

(d)

Hence, or otherwise, when the area is a maximum, find the coordinates of point S in
exact form.

AN demd= 2
o

2

£ - 2
i -
X Yy = ax
Mo % +4 -3¢
. X2 +42x== 36
Sxt=36 %70
xN = _Sé = iaw
\v/ 5 T—
s
N i
End of Paper
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Year 12 Mathematics Advanced Section I — Answer Sheet

NESA Number

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample: 2+4=(A) 2 (B) 6(C) 8 (D)9
AO Be@ CO DO

If you think you have made a mistake, put a cross through the incorrect answer and fill
in the new answer.

Ar@ B@® cO npO

If you change your mind and have crossed out what you consider to be the correct
answer, then indicate the correct answer by writing the word correct and drawing an

arrow as follows. / correct

A‘ B’ CO DO

—

AO B@&® CO DO

2 AO BO CO DbL@®
3. AO B@® CcCO DO
4. AO BO C@ DO
5. AO B@® CO DO
6. AO BO CO D@
7. AO BO C@ DO
8. AO BO C® DO
9. A@®@ BO CcO DO
1. A®@ BO CO DO





