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General « Reading time — 10 minutes
Instructions «  Working time — 2 hours
«  Write using black pen
« Calculators approved by NESA may be used
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70 « Attempt Questions 1-10

« Allow about 15 minutes for this section

Section IT — 60 marks (pages 10-17)

« Attempt Questions 11-15
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Year 11 Mathematics Extension 1 outcomes

MET11-1 uses algebraic and graphical concepts in the modelling and solving of problems
involving functions and their inverses

ME11-2 manipulates algebraic expressions and graphical functions to solve problems
MET11-3 applies concepts and techniques of inverse trigonometric functions and simplifying
expressions involving compound angles in the solution of problems

ME11-4 applies understanding of the concept of a derivative in the solution of problems,
including rates of change, exponential growth and decay and related rates of change
MET11-5 uses concepts of permutations and combinations to solve problems involving
counting or ordering

ME11-7 communicates making comprehensive use of mathematical language, notation,

diagrams and graphs

Year 12 Mathematics Extension 1 outcomes

ME12-1 applies techniques involving proof or calculus to model and solve problems
ME12-2 applies concepts and techniques involving vectors and projectiles to solve problems
ME12-3 applies advanced concepts and techniques in simplifying expressions involving
compound angles and solving trigonometric equations

ME12-4 uses calculus in the solution of applied problems, including differential equations
and volumes of solids of revolution

ME12-5 applies appropriate statistical processes to present, analyse and interpret data
MEI12-7 evaluates and justifies conclusions, communicating a position clearly in appropriate

mathematical forms



Section [

10 Marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

— (2 S 6 .
1 Given that AD:[ 3 J and DO:[ j, what is O4?

2 Consider the polynomial P(x)=4x>+5x—-10.
When (2x—a)x P(x) is divided by (x—1) the remainder is 3.

What is the value of a?

A. -1
B. 1
C. 2
D. 5

Section I continues on page 4



Which of the following is an anti-derivative of ;2?
9-4x

+ C
2
1(3)6)
Sin 7
B +c
3
-1 2
o e
3
. 1(2)5}
Sin ?
D +c
6

A factory produces light switches. Each switch has a 6% chance of being faulty.

A quality control manager selects a random sample of 80 switches.

Let X represent the number of faulty switches in the sample, where X is a binomial
variable.

What is the standard deviation of X, correct to 2 decimal places?

A, 212
B. 213
C. 451
D 4.8

Section I continues on page 5
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5

The direction field for a differential equation is shown below.

— N W B W

u]-bwl\)»—g

d__y
dx 2y+x
Y__ v
dx 2y+x
y__y
dx -2y+x
b__y
dx 2y-x

Section I continues of page 6
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Which of the differential equations below could give this direction field?



-1
If each possible selection is equally likely, what is the probability that

10
c~1+b~t+lg+g={ ] ?

2 3
The vectors d, u, b, o are each chosen to be either (lj or ( j

0
A =
24
B =
16
c. 1
8
p. 3
8

For the vectors ¢ =3 +2; and b=9i+3, which of the following represents
|a+b]?

A 37
B. 4103
C. 12
D. 13

Section I continues on page 7



The function f(x) exists for all real numbers x.

The function g(x) is defined such that g(x) = f(x) +% .
X
If f(2)=-1 and f'(2)> 0, which of the following is true about g(x)?

A.  g(2)=-2and g'(2)>0
B. g(2)=1land g'(2)=0
C. g()=-2and g'(2)=0

D. g(2)=1and g'(2)<0

A first-order differential equation is given by
dy
—=2yIn
I yiny

Which of the following is a solution to the differential equation?

A y=e
B y:eeh
C yzeex2
D. y=2e°

Section I continues on page 8



10

For a particular function f(x), it is known that f(0)=0 and xx f(x) >0 for all
non-zero values of x.

2 2
It is also known that Jf(x) dx=4 and I|f(x)| dx=8.
-2 -2

0
Which of the following gives the value of j f (|x|) dx?
-2

A. -2
B. 2
C. 4
D. 6

End of Section I
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Section 11

60 Marks

Attempt Questions 11-15
Allow about 1 hour and 45 minutes for this section

Answer each question in a separate writing booklet. Use extra booklets if needed.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (12 marks) Use a SEPARATE writing booklet

(a)

(b)

(c)

(d)

(e)

For the vectors ¢ =10i + 2 and b =i— j, evaluate each of the following.

(i) 3a-b

(i) (a+2b)-(a-2b)

-3

Using the substitution u = x + 4, find the exact value of I x(x+4)" dx.

-4

In how many different ways can all the letters of the word TENNANT be
arranged in a line?

10
Find the constant term in the expansion of (2x ——j .
X

Solve \/ECOS(X-F%J-F 2cos(x—%}=l for -z <x<r.

End of Question 11

10—
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Question 12 (12 marks) Use a SEPARATE writing booklet

. 2
(8 () Show that sec’| Z—2 |=—= .
4 2 I+sinx
(i1) Hence, or otherwise, evaluate J — dx.
o l+sinx

(b)  The volume of a cylinder with a fixed height 4 cm, and radius » cm is

given by V = zr°h. If the volume is increasing at a rate of 20 cm’ s,

show that ar_ 10 cms™.

dt nrh

(c) The region, D, is bounded by the y-axis, the x-axis, the line with equation

x =1In4 and the curve with equation y =¢" +2¢ ", as shown in the

diagram.
Y
x=1In4
y=e +2e"
NOT TO
\/ SCALE
D
\
0 U *

Find the volume of the solid of revolution formed when the region D is

rotated about the x-axis. Leave your answer in exact form.

(d)  The polynomial P(x)=8x"—-38x’+9x”+ax+b has a double root at
x=3.

Find the values of ¢ and 5.

End of Question 12
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Question 13 (12 marks) Use a SEPARATE writing booklet Marks

(a) Use mathematical induction to show that for all integers n>1, 3

4°" —1 is divisible by 3.

COS X T

(b)  Consider the function given by f(x)=tan™ ( j for —% <x< S

sinx + 1

(1) Find f'(x). 2

(i1)) Hence sketch the graph of y = f(x). 1

(c) Solve the differential equation % = xy/(1-x)(1-y") given that it 3
X

passes through the point (1,0) . Give your answer with y as the subject.

(d) Prove that 3

1 26[ 1 1 J
202 - 2024 T 2m
5C26 25 Cys 5Czs

End of Question 13

—12—



Question 14 (13 marks) Use a SEPARATE writing booklet

(a)

A team of ecologists is re-introducing a group of 3000 Komodo dragons
to an island in Indonesia. From observations on other islands, the

ecologists know that populations of more than 3000 are unsustainable.

They propose the following logistic model of population growth

K K (3000 - K)
dt

where K is the number of Komodo dragons on the island, ¢ is the time

in years and r is a constant.

(1)

(i)

(iii)

Ecologists know that when the maximum growth rate occurs, all the
Komodo dragons find a mate. Half of these pairs successfully raise
one juvenile Komodo dragon.

Show that r = ; .
6000

The ecologists initially release 500 Komodo dragons on the island.

Use the fact that ! = ! i +; to show
K (3000-K) 3000 (K 3000-K

that the population of Komodo dragons can be given by

3000

K=—>""7""__
5¢ % 11

How long will it take for the Komodo population to reach 95% of
the maximum sustainable population? Give your answer correct to
2 decimal places.

Question 14 continues on page 14
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Question 14 (continued) Marks

(b)

Particle 4 is projected from a vertical tower that is H metres above the
ground with an initial speed of vm s *! at an acute angle of ¢ with the
horizontal plane.

At the same time, from another point D metres horizontally away from the
base of the vertical tower, particle B is projected with an initial speed of
um s ! at an acute angle of ﬁ with the horizontal plane.

This is shown in the diagram below.

Particle B

Taking the position of the base of the tower as the origin, the positions of
the projectiles at time ¢ after they are launched are as follows.

vtcosa
ry = _ g, Particle 4
visina —=t"+ H
2
utcos f+ D
Fp= Particle B (DO NOT prove these.)

. g 2
utsi p——t
p 2

Question 14 continues on page 15
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Question 14 (continued) Marks

(1) It is known that usin # > vsina . (DO NOT prove this.) 3

Show that for the two particles to collide before either reaches the

ground, then:

2usin f(usin f—vsina) > gH .

(i) Show, by expanding the right-hand side, that: 1

sin(28)+cos(28) = \/Esin[2ﬂ+%j.

2
3
(iii) Ifu:v,H:u— and azz—ﬂ, showthat—ﬁ<ﬂ<Z 3
g 2 8 2

if the two particles collide before hitting the ground.

End of Question 14

15—



Question 15 (11 marks) Use a SEPARATE writing booklet

(a)

You may use the information on page 19 to answer this question.

At Hogwarts School, the probability of a troll being in the dungeon on any
given day is 5%.

Students are becoming disgruntled with the number of trolls in the
dungeon and are concerned one may appear during their examination
block. They demand a sample size of 7 is taken and the sample proportion
p is calculated.

It is assumed that p is normally distributed with E(p)= p and

Var(p) :_p(ln—p) .

The students will report Hogwarts School to the Ministry of Magic if a
troll is in the dungeon during their 10-day examination block. That is, if
p=0.1.

To protect the Hogwarts school’s reputation, the Ministry of Magic
suggests they choose a sample size so that the chance of students
reporting Hogwarts is less than 0.62%.

(i)  Show that the mean and standard deviation of the sample proportion

) / 1 )
are given by 0.05 and 4 respectively.
400n

(i1)) Hence, or otherwise, find the approximate sample size required.

Question 15 continues on page 17
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Question 15 (continued)

(b)

Three different points O, V, and U form an isosceles triangle with unit
length sides such that |W| = |@| =1.

The points C and D are chosen such that VC=CD=DU = %ﬁ

(that is, the points C and D split the line into thirds.)

Let v=0V and u = OU , as shown in the diagram.

®

(i)

(iii)

V

NOT TO
SCALE

Show that VD = %u -

W | N
<
o
=3
o
=
=
)
=4
Al
a
Il

W | N
<
|

W | N
<

The point 4 lies on the line OV such that O4 = Ay and 0< A <1.

Show that E:%g + (%—ij.

The point B similarly divides the line OU in the same ratio such that
BU =Ju.

The lines AD and BC are perpendicular, as shown in the diagram.
By first finding an expression for BC in terms of u, vand A, show

thatiﬁu-v
17 =~

IA

1.

End of Paper
17—
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Table of values P(Z < z) for the normal distribution N(0,1)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0

0.5000

0.5040

0.5080

0.5120

0.5160

0.5199

0.5239

0.5279

0.5319

0.5359

0.1

0.5398

0.5438

0.5478

0.5517

0.5557

0.5596

0.5636

0.5675

0.5714

0.5753

0.2

0.5793

0.5832

0.5871

0.5910

0.5948

0.5987

0.6026

0.6064

0.6103

0.6141

0.3

0.6179

0.6217

0.6255

0.6293

0.6331

0.6368

0.6406

0.6443

0.6480

0.6517

0.4

0.6554

0.6591

0.6628

0.6664

0.6700

0.6736

0.6772

0.6808

0.6844

0.6879

0.5

0.6915

0.6950

0.6985

0.7019

0.7054

0.7088

0.7123

0.7157

0.7190

0.7224

0.6

0.7257

0.7291

0.7324

0.7357

0.7389

0.7422

0.7454

0.7486

0.7517

0.7549

0.7

0.7580

0.7611

0.7642

0.7673

0.7704

0.7734

0.7764

0.7794

0.7823

0.7852

0.8

0.7881

0.7910

0.7939

0.7967

0.7995

0.8023

0.8051

0.8078

0.8106

0.8133

0.9

0.8159

0.8186

0.8212

0.8238

0.8264

0.8289

0.8315

0.8340

0.8365

0.8389

1.0

0.8413

0.8438

0.8461

0.8485

0.8508

0.8531

0.8554

0.8577

0.8599

0.8621

1.1

0.8643

0.8665

0.8686

0.8708

0.8729

0.8749

0.8770

0.8790

0.8810

0.8830

1.2

0.8849

0.8869

0.8888

0.8907

0.8925

0.8944

0.8962

0.8980

0.8997

0.9015

1.3

0.9032

0.9049

0.9066

0.9082

0.9099

0.9115

0.9131

0.9147

0.9162

0.9177

1.4

0.9192

0.9207

0.9222

0.9236

0.9251

0.9265

0.9279

0.9292

0.9306

0.9319

1.5

0.9332

0.9345

0.9357

0.9370

0.9382

0.9394

0.9406

0.9418

0.9429

0.9441

1.6

0.9452

0.9463

0.9474

0.9484

0.9495

0.9505

0.9515

0.9525

0.9535

0.9545

1.7

0.9554

0.9564

0.9573

0.9582

0.9591

0.9599

0.9608

0.9616

0.9625

0.9633

1.8

0.9641

0.9649

0.9656

0.9664

0.9671

0.9678

0.9686

0.9693

0.9699

0.9706

1.9

0.9713

0.9719

0.9726

0.9732

0.9738

0.9744

0.9750

0.9756

0.9761

0.9767

2.0

0.9772

0.9778

0.9783

0.9788

0.9793

0.9798

0.9803

0.9808

0.9812

0.9817

2.1

0.9821

0.9826

0.9830

0.9834

0.9838

0.9842

0.9846

0.9850

0.9854

0.9857

2.2

0.9861

0.9864

0.9868

0.9871

0.9875

0.9878

0.9881

0.9884

0.9887

0.9890

2.3

0.9893

0.9896

0.9898

0.9901

0.9904

0.9906

0.9909

0.9911

0.9913

0.9916

2.4

0.9918

0.9920

0.9922

0.9925

0.9927

0.9929

0.9931

0.9932

0.9934

0.9936

2.5

0.9938

0.9940

0.9941

0.9943

0.9945

0.9946

0.9948

0.9949

0.9951

0.9952

2.6

0.9953

0.9955

0.9956

0.9957

0.9959

0.9960

0.9961

0.9962

0.9963

0.9964

2.7

0.9965

0.9966

0.9967

0.9968

0.9969

0.9970

0.9971

0.9972

0.9973

0.9974

2.8

0.9974

0.9975

0.9976

0.9977

0.9977

0.9978

0.9979

0.9979

0.9980

0.9981

2.9

0.9981

0.9982

0.9982

0.9983

0.9984

0.9984

0.9985

0.9985

0.9986

0.9986

3.0

0.9987

0.9987

0.9987

0.9988

0.9988

0.9989

0.9989

0.9989

0.9990

0.9990
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Year 11 Mathematics Extension 1 outcomes

MET11-1 uses algebraic and graphical concepts in the modelling and solving of problems
involving functions and their inverses

ME11-2 manipulates algebraic expressions and graphical functions to solve problems
MET11-3 applies concepts and techniques of inverse trigonometric functions and simplifying
expressions involving compound angles in the solution of problems

ME11-4 applies understanding of the concept of a derivative in the solution of problems,
including rates of change, exponential growth and decay and related rates of change
MET11-5 uses concepts of permutations and combinations to solve problems involving
counting or ordering

ME11-6 uses appropriate technology to investigate, organise and interpret information to
solve problems in a range of contexts

ME11-7 communicates making comprehensive use of mathematical language, notation,

diagrams and graphs

Year 12 Mathematics Extension 1 outcomes

ME12-1 applies techniques involving proof or calculus to model and solve problems
ME12-2 applies concepts and techniques involving vectors and projectiles to solve problems
MEI12-3 applies advanced concepts and techniques in simplifying expressions involving
compound angles and solving trigonometric equations

ME12-4 uses calculus in the solution of applied problems, including differential equations
and volumes of solids of revolution

ME12-5 applies appropriate statistical processes to present, analyse and interpret data
ME12-6 chooses and uses appropriate technology to solve problems in a range of contexts
MEI12-7 evaluates and justifies conclusions, communicating a position clearly in appropriate

mathematical forms



Section I

10 Marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

j,whatis 047

— (2 — 6
1 Given that AD =( 3 J and DO =(

2 Consider the polynomial P(x)=4x+5x-10.
When (2x—a)x P(x) is divided by (x—1) the remainder is 3.

What is the value of a? Fﬂ)-‘ /Zx_'a> (412,«-3')(—/0)

A. -1 >F(/>: 3

B. | S - /2//)-4)/4‘[/)2'745‘[/)—/0)
S = (2-a)«x (-1)

C. 2 3 - a-2
a = 5



3

Which of the following is an anti-derivative of ;2?
9-4x

sin‘l(ixj / Ax
@ — ¢ f Va-4x*

3x / 2
sin”' (j ——/ —— dx
B 32 iC = -Z \//?)_[a)l
- 2/_&-”-'/27% FC
c. s1n_1(2x)+c
3
sin‘l(zxj
D. 3¢
6

A factory produces light switches. Each switch has a 6% chance of being faulty.

A quality control manager selects a random sample of 80 switches.

Let X represent the number of faulty switches in the sample, where X is a binomial
variable.

What is the standard deviation of X, to 2 decimal places?

21 Var(X) = np((-pD
- 80x0.06 (/—0~Oé)

B. 2.13 = 4.912
O = V4572

C. 4.:51

D. 438



5 The direction field for a differential equation is shown below.

A
5
4
3
2
|
-5 -4 -3 2-10] 1 2 3y4 5 X
1 4
SRS
3
4
5

Which of the differential equations below could give this direction field?

Consider point (3,-1) where d_a)[‘l>0=

L Yy
X dx 2y+x A: dy . = ! /
dx  2()+3 =
dy _ Yy
@E_ 2y+x g’gf[=_, ___-/ =/
x 2(-0)+3
R e C:ay = =1 -t . rueour(
b dx -2[)+3 S
b__y D:dy . =l -~ . ruleout D
h\ dx 2y—x adx 2/’1)“3

Now Clonsidexr [J;‘Z) where %<0:

Ardy - =2 =2 .. rye out A
dx  J(-2)+3



7

2 3
The vectors d, u, b, o are each chosen to be either [J or [ j

-1

If each possible selection is equally likely, what is the probability that

10
d+u+b+o:(
A N
A L

24
B
16
c 1
8
OF
8

For the vectors a
la+b]?

A 37
B. 103
c. 12

oL

() ()0) () (.

7hi8 I8 Q@ ébmomial diStnsuton with /0:0-5.
ad n=¢4¢/!

da te success s a vector éez:y chosen a ( 2)

ten P/d,l-u+é+o -{{O)>
- P(Xx:2)
N ”c‘zxo.s"zxo..;‘z
- 3

e——

8

=3i+2j and b=9i+3, which of the following represents

atb = S+2j +90+3)
Iy

J122 5>

[i69

(3

P
'b
o~

1]

“



8 The function f(x) exists for all real numbers x.

The function g(x) is defined such that g(x)= f(x) +% .
X
If f(2)=-1 and f'(2) >0, which of the following is true about g(x)?

5/2'> = #(2) *ﬁ—
A. g(2)=-2and g'(2)>0 £ )
l
g g@=land g'2)=0 = L+
) =-2
@g@):—zand 2'2)=0 1“7/ ) =2 -
glx) = f)+ [#2)] .
D. g(2)=1and g'(2)<0 j‘/")” £lx) - [’[/}_)7 ,(/{2_)
- ) - L0
(fo]*
902 £12) - £12)
(#(2]°
= £12) - £(D)
[-1]*
:£(2) - {(2)
[5- )
9 A first-order differential equation is given by
%=2ylny
Which of the following is a solution to the differential equation?
2% _ =2e”*
Al y:eze* A : = e N 4
dy e “x2e”
y=eezx dx = gx/n‘y - not A
C. _ o 2x
y=e
8' ‘y=ee‘?_—> /n‘y_e-Zx.
. X
D. y=2¢ dy eé’ N .ZC.ZJL
7..} 22 2
e ¥ €
‘ZJ x /nj &



10  For a particular function f(x), itis known that f(0)=0 and xx f(x) >0 for all
non-zero values of x.

i i . f// x>0, flx) >0
It is also known that [ f(x) dx=4 and [|/(x)| dx=8. i x<0, f(O<0

0
Which of the following gives the value of _[ f (|x|) dx?
-2

2 o 2
B 9 ff/z,) dx - ///z) dx + ///z,) o x
-Z -
* 0 ? 2
¢ 4 4 s -.ej x) dx+ f/'(.z) dx
6 < 0 2
////I)Ialx : / /f/z)/dz + //f/z)/dx
-4 - 0]

0
=) flx) dx - j:"h) dx
/
-2 (7]

o 2
- =S ax o [ 10 dx
- (/]
0@ :

<
/12 = 2 [ Flx) dx
o
2
5-—f[/z) ol x

y . [ Ffa)dx + ¢
-2 0
2= [ Aty dx
4

Now consider f(1xl) = which 13 £(2) with
anything on the [eft of the y-axiS éeng replacecl

JJ a reflecton of “‘J""‘""J on the rﬁét of the
J" a—XiSb 2
/ .f[/xl) éyl.x, = / £lx) dx
-Z —8— o
- 6



Section 11

60 Marks

Attempt Questions 11-15

Allow about 1 hour and 45 minutes for this section

Answer each question in a separate writing booklet. Use extra booklets if needed.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (12 marks) Use a SEPARATE writing booklet Marks

(a) For the vectors ¢ =10i +2; and b=i— j, evaluate each of the following.

(1 3a-b 1

3(104+2j)- (£-4)
30i + 64 - ¢ +d
J?Lf—?\j:

U

(i) (¢+2b)-(¢-2D) 2

(105 +2] + 26 =27 ) (105425 =26+ 2])
c (125+0J) [+ 4])
(12)(§) + (0) (%)
96

"



-3
(b)  Using the substitution u = x +4, find the exact value of J- s
—4

Let u=x+4 — x=uw-4

du . |
adx
du,:dx
WAen_ Jb:—g/ u:"..f'f‘q
w =1
when x:= -4, w-= At
u=0

3 /
_,,/x[xu()'oatx S YA 2

1]

/ u"— Hu.'o du
o

—10-



(©) In how many different ways can all the letters of the word TENNANT be
arranged in a line?

here ave 7] letters but we have 2 TS aad 3 NS :

2/ x 31
\/W

@

= 420 wa‘].s.

10
(d)  Find the constant term in the expansion of (Zx —lj .
X

Leneral Term :
7oe G ()t () e
. P (29 (x) (0"
- G ) (7))
ﬁr constant tem
2k-10 = O
k=8 O) or equivalen+ wor/a'ng

10-k

7. 9 (29(x 0’
- -£06 % @

.. consStant term 18 -SO6Y .

“11-



(e) Solve \/Ecos(x+%j+ 2cos[x—%)=l for -7 <x<r.

V2 Cos X cos% -z & J/‘n% + V2 Cosx £o.:77r - VZ 50 m.;‘t

V2 cosx x L + J2cosxsx 1 _ = [

2 V2
2ceosx = /
cosx = |/
2
- “é/
Relaceol acure : 3
= -t TIT
3 ' 3 @

—12—



Question 12 (12 marks) Use a SEPARATE writing booklet Marks

. 2
(@ (i)  Show that sec’ (ﬁ ~Z = 2
4 2 1+sinx

2 [T X
Jec /‘/ .a)

(
cos ‘/—ZC - %)

/
Pl -2))
2

s (F)

LHS

"

= P4
/ 4 ro.r;—‘(orx ¢ sz,_—" $Sin X
o<

/ + OxcosX + /xSin X

2
/ + $InX

"

= RHMS au reg .

_13—



a

dx

(ii)  Hence, or otherwise, evaluate J -
o 1+sinx

w
2
/ /t+tSrax dx
0
m
X
j sec*(F-F) ax

('\) r_ﬁ
|
~
N §\
§ -Ql,\_‘
f\ '
<N N
{ \—
1Y
\—
—

- 2¢an g-f) - [-zfan/g—o»

—./fan/'%'z)f— -Zl‘ar)??r
o + 2

# @

(A}

—14—



(b)  The volume of a cylinder with a fixed height 4 cm, and radius » cm is

given by V = zr’h . If the volume is increasing at a rate of 20 cm® s™',

show that ar_ 1—cm s,
dt nrh

dv . 20

ot ot dV
dr . 20 x _!
dt LTTr b, @
= /0 em/ S as re
Trh / ¢

15—



(c) The region, D, is bounded by the y-axis, the x-axis, the line with equation

x =In4 and the curve with equation y =¢* +2¢ ™, as shown in the

diagram.

NOT TO
SCALE

]

D

¢ U

Find the volume of the solid of revolution formed when the region D is

rotated about the x-axis. Leave your answer in exact form.
/nY
V- 7 ] i Y oda
O InY
- 7:/ (e*+2¢7%) % dx 0)

° Iy
77:/ 2%* + $e% .+ 4o ax

[ X}

9 nY
7T /g”‘f-trw Yo 2%
o

nY
2. -
7 [FeTrix-2e™ ] O
o

. zz[‘z—’e‘”"”f 4nt - 2¢ 5" - [F€°+ 4/0) -.Ze")]

..74-/';,44/,;4_;_/-?/_,‘27

= 7‘:/—??5-4- 4///14) wl @

—16—



@ The polynomial P(x) =8x" —38x’ +9x” +ax+b has a double root at

x=3.

Find the values of a and b.

Plr) = fx¥- 38x° + Ix*+ax+é
Plr): 32x°-N4x*+tbx+a (7))
Since x-8 /S a douéle root, /"[3)=0:
O = 32(3)°-14(3)*+ (8(3) +a
0 - /108 +a

a = (08 0,

CP(x): Bx¥- 38x%r 9yt 10fx b
&’milax{y/ AL 3):0:
0= 8(3)-20(3)°+9(3) > 108(3) + ¢
0: L7+ 6

6 - -427 0)

17—



Question 13 (12 marks) Use a SEPARATE writing booklet

(a) Use mathematical induction to show that for all integers n>1,
4°" —1 is divisible by 3.
Base (Case : Jhow Hrue 76r n=/
6(_-2/’ ) [ . 42—
= /S
= 3xS
. Oivisible by 3 for basl case n-=| Q)

ASSume wue 14» n=k:
4% — | - M where MEIN

42 . oM | x

Prove +rue 74'- n=lerl :

y2eed _ oy
T NPTy
= /6 X‘f‘”‘ - /
0,
= /6 (’?/u 4-/> -/ 74’0,“ assumptron ¥
= 46M +(6- |
= 48M + S

-‘3//6/u+5) 0,

which /s divisibie by 3 for aldl M MEN

.. Proven ¥ue 6‘7 the principle of mat hemadvcal

maoluchon

18—

Marks



COS X

(b)  Consider the function given by f(x)=tan™' ( -
sinx+1

J for —£<x<£.
2 2

() Find £(x).

f(x) = tan” ( cos X
Sinx + 1

/et glx) = cosx

J/ +(
U= coSx ve Jinx el
u'= —gornx v' = cosx

gx)= -Sinx (Srax+l) — cos *x
[J‘/'nx 4-/) *

—dintx -Snx—cor*x
(Sinxtl)*

A1)

1]

- (9in’x ¢ costx +SinX)
(srnx +()*

[ / + $/nX)

(/ l-J'/'a)L) >

St O

/ +8Mn X

"
\

{

/Yl) = J+Sia X
/ + foJl
/fJ’mx

- 2
- /fJ/’lx X (/f.‘s'/n,{)

(o’ X S >
/+ (ltsiax)? (i Mx)

"

- (1 +Sinx)
(1+8iax )’ cos * x

(7 f.smx)
(+28InX +8ia X tCOS * X

1]

- (/¢t3mx)
o+ 28n X

( [+ J‘/'fl.X.)
2(/t $iax)

e @

\



(i) Hence sketch the graph of y = f(x).

Jinx +(

£lx) = tan- (”"‘)——’sz ﬁr(—__ﬂ',I

f/o): tea™ cosO

J1a0 +|/
= taa"' |
= _‘/I 74>r [-"71_/71']

Gy gx e E F(FF

F(x)
(j = //x) Tt
: 0,
z
Y
< B __7"£ B .E, l‘lr —7:r >
< y 4 2
v

20—



Solve the differential equatlon =xJ(1—x?)(1—y?) given that it passes

through the point (1,0) . Give your answer with y as the subject.

(©)

dy - ,z\/(/—.z* (1-y¢*
4 )(1-9°)

dy = xJIi-x* dx

/

IEex

VA e A G AR

i
2

&m"J = _24_//—1‘) . C

3

2

dy = /z//—z‘)fl ax @

Z
<

d‘/n"‘j: —?/_//-.z’) + C

SubSttute = . J 0 :

0-—/[/—/‘)" +C
0 0+C

c:=0 O,
sintye L (1-a7)
Y- J’/n/—?/(/-x’)%) @

21—



(d)  Prove that 3

1 26 1 1
WC% ZE 2024C25 - 2ozsc25

LHS = __1

2025
C.Z é

/ + 2025 !
26! (2025-26) 1

Q611999 !
20251 ©

RHS = 26 [ ! S —
25 JOZ‘IC‘”_ 202 rC.z,r

=6 [1+ 24! - 1+ __Jo2s!

25 o251 (2024 -25) | 281 (2025-2%)!
- W26 ( 251 1999 ( 5/ ,2000/> 0,

<7 20241 - 2025/

= J6 /.Zr/ 1999 ! 25/ 2000/
25 Joz4 | 025 X 2024 1

n

26 [/ 2025x 25719991 - 25! 2000 (
<7 2025

(4]

26 ( 2025 x 251 x1999( — 5/ x 2000 199/
25 2025 |

- .2?_/ 25119991 [ 2025 - .Zoooj>
< 2025 |

/4 /.zr/ 1999/ x 25
<3 2025

-?Gx -ZS.//qqq/ @
L0251

26119941
2025 |

|1

LHS as regq,ired .
o0

\)



Question 14 (13 marks) Use a SEPARATE writing booklet Marks

(a) A team of ecologists is re-introducing a group of 3000 Komodo dragons
to an island in Indonesia. From observations on other islands, the
ecologists know that populations of more than 3000 are unsustainable.

They propose the following logistic model of population growth

K K (3000-K)
dt

where K is the number of Komodo dragons on the island, ¢ is the time
in years and r is a constant.

(1)  Ecologists know that when the maximum growth rate occurs, all the 2
Komodo dragons find a mate. Half of these pairs successfully raise

one juvenile Komodo dragon.

Show that » = _1 .
6000

Mo x growth rate occuss when AdK 5 maximised
at
Jince dK /& a corcave douwm quadravc, (4.8 occws
dc ? ’

when :
K= 0+ 3000 [Aa/ﬁua\y betweoen roots)
2
K= 1500 @

Which means there wid be 750 oS aid Hence
375 juveniles being added to the populatioa.
dkK = 875 when K= 1500

T

LS
375 = /500 r (3000 - 1500)
375 = 2 250 000 r
r= 375
775 2
r = / oo required .
€000 ?

23—



(i) The ecologists initially release 500 Komodo dragons on the island. 3

1 1 1 1
Use the fact that = —+————— | to sh
S e e O (3000~ K) 3000(1( 3000—Kj 0 SHow
that the population of Komodo dragons can be given by
3000
K=——7——.
57 +1
dic . __1__k (/3000 -k
dt =~ ¢o00 ( )
— L df - / dt
k (3000 -k) 6000

I N /
/K[sow-x) ok - jéooo ae
/ / / dre = / adt (using qiven fact
3000//< * 2000-% /6000 g gven 1act)

/ ‘=1 dk:/O-Sdt-
K 000 - K

0.5¢ + C @
0-5¢t+C

/n|K[ - In[3000-K|
/n/ K
F000 —k

at +-0, K=3500 :
/n 500 /: O+ C

11

3000 - 500

S000 —k
0.5¢+In&
K . e s
3000 - k
s¢
K = 2T
000 — K
P i 0.5
S000 -k Ny

24—



2000-k - e

.
2000 -k - ske 7°¢
2000 = SKke 0 t+K
2000 = Kk [(3e°Cr1) (D
K = 3000 as req,ufr(d

rf -0.5 ¢ F |

25—



(iii) How long will it take for the Komodo population to reach 95% of
the maximum sustainable population? Give your answer correct to 2

decimal places.

3000x 0.95 = 2850

et K=2850 -
L8350 = S000
Se-0vE, /

Se 95t L1 = 2000

JESO

_0.T¢
Se o7 /
/9
f_o'ré: /
75

/
-0-Y€E= /n 9%
/

£ - /n 95
-0.5

t:9.1077... (D
. H will reach 9S7. of the Sustenable populatoa
after  agprox 7/ years

26—



Question 14 (continued) Marks

(b)  Particle 4 is projected from a vertical tower that is H metres above the
ground with an initial speed of v m s at an acute angle of & with the
horizontal plane.

At the same time, from another point D metres horizontally away from the
base of the vertical tower, particle B is projected with an initial speed of

um s’ at an acute angle of 2 with the horizontal plane.

This is shown in the diagram below.

n 4 NOT TO
SCALE

Particle B

N

D

Taking the position of the base of the tower as the origin, the positions of
the projectiles at time ¢ after they are launched are as follows.

vt cosa
= Particle A4
! visinag — S+ H
2
utcos f+D
I'p= Particle B (Do NOT prove these)

utsin,ﬁ’—%t2

27—



(1)

It is known that u sin B > vsin . (Do NOT prove this).

Show that for the two particles to collide before either reaches the
ground,
2usin f(usin f—vsina) > gH

One possitle way o do this (Students hod many valiol

m&bﬁodéo/) :
Pecticle hits the ground when Ju O Ya =0 . Let ‘73:0-

ut.rm/g - g‘Tf" =0

a{i'»ﬂ - 3} =0
u.fl'llﬂ = ﬂ_t‘
2

t = dusin é @
Particles will coltide when X, =%, ad Y, <9, Joe for EAS

ViSin ot + H = ul.fin/@
H - ul'.f/'aﬁ - VESin &

H = t/fus - v&in o
S E(unhwens)

t
usia B - vin

for partcles to colide téefore h:’tb'zg the Jround , we have

-‘(Olll'.l‘l'on. < fh.‘l»s ﬂmunol,

H < Qudin
HJ‘/'I)/)- V&ia oL j
qH Lusia 3
usinf@-vsiaol
Since  wsinf3> veinoe flom gueston, we kaow @
we& can

that usaf - veiast >0 andl
mulbply acroSS withowr wors ioy about "”i’/"’ﬁ

He :‘nequalh:y ‘”3“ .
3# < a?u.n'nﬂ [u.yia/?— ./J'fnoc)

Qusiaf@ (usiaff -voinat) > gH ad reg.

28—



Question 14 (continued) Marks

(i)  Show, by expanding the right-hand side, that
sin(2ﬂ)+cos(2ﬁ)=\/§sin[2ﬂ+%j.
. 7T
/€H¢§= /ZJ”I./-Z/?"T
. . T
vz ( Jm-?/ca&% t COJ‘Z/Q S7a «T)
/Z/m 28 x L + os2fx _L_
Z 7

SN 2/6’ f Cos —Zﬁ

= LHS a reg .

I

)@

"

"

29—



2
(i) 1fu=v, qu— and a:%—ﬂ,showthat 3?”<,B<% if the

two particles collide before hitting the ground.

Jub known facts into ineguality fron (7):

2usinf(usinf - usin (% -g)) >jx_§_‘

Jué’in/g [u.rin. - u cos >t @
: Eﬁ?{f-&) - s &
2yt gin ’/a’ - JMJ'/'n/?(OJ/? > w?
251> — 28infcos B > |
Z(F (10528 )) = 2 (F(Sin (o) + 5in (B-)) >/
4= (0528 — (Sin2fd +Sin 0) >1
—(‘o.r-Zﬁ — S/ oZﬁ >0
.J‘/),.Zﬁ + Il <0
J.'z’&n/.z,é’,«%) <O o (i) (T)

' ZZ
&ra { -2/6’+ 4 ) <0
A Sine wave ;8 below x-axiS éetwéen

T ad &
72’\/.27:

we need to Jolve +or:
T

._fz(.z < 77T
<

3T < 7w
F<ECF

But Since /E S acute, we 4ave: / @

ST <
F-<F g

30—



Question 15 (11 marks) Use a SEPARATE writing booklet Marks

(a) You may use the information on page 17 to answer this question.

At Hogwarts School, the probability of a troll being in the dungeon on any
given day is 5%.

Students are becoming disgruntled with the number of trolls in the
dungeon and are concerned one may appear during their examination
block. They demand a sample size of 7 is taken and the sample proportion
p 1is calculated.

It is assumed that p is normally distributed with E(p)= p and

Var(p) :—p(ln—p) .

The students will report Hogwarts School to the Ministry of Magic if a
troll is in the dungeon during their 10-day examination block. That is, if
p=0.1.

To protect the Hogwarts school’s reputation, the Ministry of Magic
suggests they choose a sample size so that the chance of students
reporting Hogwarts is less than 0.62%.

(i)  Show that mean and standard deviation of the sample proportion is 1

: / 19 :
given by 0.05 and respectively.
400n

EGF) -/

0.05

n

o.oy//-0.0T)

n

n
/9 , _ /9
= 400n = .. 0/791 ’ 400n

31—



(i1)) Hence, or otherwise, find the approximate sample size required.

je. fad A Suck that Pp20.1) < 0.0062
0.627.

Consid er /’/,020./) = 0.0062
Plp<0.0) = /-0.0062
= 0-9938
Aeading backwardy from z-taile
Pz €25) = 0.9938
Y S ) @

n

J/ﬂ('e Z‘—“?'y,
0./ = Mt 28 0

0-1 - .05+ 2.5 /79
400n @
0.05: 2.8 [/9
400n
0.02 - /97
J 400n

0.0004 - /9
400n.

400VL= /9
0.000 Y4

n: /IfT7S @

.. 7he Jam/o/e Jize JShould ée aﬁomx/mate{y
n9

32—



Question 15 (continued) Marks

(b) Three different points O, V, and U form an isosceles triangle with unit

length sides such that |FV| - |@| 1.
The points C and D are chosen such that 'C = CD = DU = %Vﬁ

(that is, it splits the line into thirds).

Let v= OV and u= Wf, as shown in the diagram.

y

@) Show that VD = %g —gv , and that UC =

W=‘¥“,‘(‘; ad U\f:,\l",‘;‘,
7.2

—

vO - 2 /-V +

0 3_/~ 4



(i)  The point 4 lies on the line OV such that OA = Av and 0< A<1.

— 2 1
Show that AD =§L~l +(§—/1jy.

04 = Ay .. AV : (1-2)y 0
A3>= AV + I;E
= (1-2) v "—%L“i,‘i

34—



(i)  The point B similarly divides the line OU in the same ratio such that
BU = Au.
The lines AD and BC are perpendicular, as shown in the diagram.

By first finding an expression for BC in terms of #, yand A , show

that i<l~{-\~)Sl.

17

- =

Since AD.LBC/ AD - BC - O
gz =874-U_Z

S
=
+
\e\‘
<
[}
wla
~

and fom quesbon, we kaow that /W/r/é?/:/
1= lxl=1

$E-4 v hert (A-F -2 ) ey

A
O
S

+ 2 _
9 5‘/)&
- . L -2 .
('\"g‘ >~3>5V+7uv 7_0

N

35—



L3N

s

[(A-reg 4] %
—LN2_ (7 = -2
v [./’\' .Z,) 36] -;-
‘v s - 2
“y gD 0

Oonsider twe quadrabc /n the deaominator
/LS i a minimurn wheén X=é/ which wid alfo

maimiSe w v

w-
~

i<
Y
™~
N
\

£
7
©- v >,_?_

Now consider max value for ©
w-v: [allXlcos® ad gnce [w]=(v]=(

we kaow that
fom.  gueqton,

w-v = cot@ \
Jince —/<cos® <!,

~ A

<

o

and therefore te max value o4 « -y is /!

fom‘fm'rv ow imequakise), we have

L2ecw-v <l aas reg .
rn -~ ™ 36—



Table of values P(Z < z) for the normal distribution N (0,1)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0

0.5000

0.5040

0.5080

0.5120

0.5160

0.5199

0.5239

0.5279

0.5319

0.5359

0.1

0.5398

0.5438

0.5478

0.5517

0.5557

0.5596

0.5636

0.5675

0.5714

0.5753

0.2

0.5793

0.5832

0.5871

0.5910

0.5948

0.5987

0.6026

0.6064

0.6103

0.6141

0.3

0.6179

0.6217

0.6255

0.6293

0.6331

0.6368

0.6406

0.6443

0.6480

0.6517

0.4

0.6554

0.6591

0.6628

0.6664

0.6700

0.6736

0.6772

0.6808

0.6844

0.6879

0.5

0.6915

0.6950

0.6985

0.7019

0.7054

0.7088

0.7123

0.7157

0.7190

0.7224

0.6

0.7257

0.7291

0.7324

0.7357

0.7389

0.7422

0.7454

0.7486

0.7517

0.7549

0.7

0.7580

0.7611

0.7642

0.7673

0.7704

0.7734

0.7764

0.7794

0.7823

0.7852

0.8

0.7881

0.7910

0.7939

0.7967

0.7995

0.8023

0.8051

0.8078

0.8106

0.8133

0.9

0.8159

0.8186

0.8212

0.8238

0.8264

0.8289

0.8315

0.8340

0.8365

0.8389

1.0

0.8413

0.8438

0.8461

0.8485

0.8508

0.8531

0.8554

0.8577

0.8599

0.8621

1.1

0.8643

0.8665

0.8686

0.8708

0.8729

0.8749

0.8770

0.8790

0.8810

0.8830

1.2

0.8849

0.8869

0.8888

0.8907

0.8925

0.8944

0.8962

0.8980

0.8997

0.9015

1.3

0.9032

0.9049

0.9066

0.9082

0.9099

0.9115

0.9131

0.9147

0.9162

0.9177

1.4

0.9192

0.9207

0.9222

0.9236

0.9251

0.9265

0.9279

0.9292

0.9306

0.9319

1.5

0.9332

0.9345

0.9357

0.9370

0.9382

0.9394

0.9406

0.9418

0.9429

0.9441

1.6

0.9452

0.9463

0.9474

0.9484

0.9495

0.9505

0.9515

0.9525

0.9535

0.9545

1.7

0.9554

0.9564

0.9573

0.9582

0.9591

0.9599

0.9608

0.9616

0.9625

0.9633

1.8

0.9641

0.9649

0.9656

0.9664

0.9671

0.9678

0.9686

0.9693

0.9699

0.9706

1.9

0.9713

0.9719

0.9726

0.9732

0.9738

0.9744

0.9750

0.9756

0.9761

0.9767

2.0

0.9772

0.9778

0.9783

0.9788

0.9793

0.9798

0.9803

0.9808

0.9812

0.9817

2.1

0.9821

0.9826

0.9830

0.9834

0.9838

0.9842

0.9846

0.9850

0.9854

0.9857

2.2

0.9861

0.9864

0.9868

0.9871

0.9875

0.9878

0.9881

0.9884

0.9887

0.9890

2.3

0.9893

0.9896

0.9898

0.9901

0.9904

0.9906

0.9909

0.9911

0.9913

0.9916

2.4

0.9918

0.9920

0.9922

0.9925

0.9927

0.9929

0.9931

0.9932

0.9934

0.9936

2.5

0.9938

0.9940

0.9941

0.9943

0.9945

0.9946

0.9948

0.9949

0.9951

0.9952

2.6

0.9953

0.9955

0.9956

0.9957

0.9959

0.9960

0.9961

0.9962

0.9963

0.9964

2.7

0.9965

0.9966

0.9967

0.9968

0.9969

0.9970

0.9971

0.9972

0.9973

0.9974

2.8

0.9974

0.9975

0.9976

0.9977

0.9977

0.9978

0.9979

0.9979

0.9980

0.9981

2.9

0.9981

0.9982

0.9982

0.9983

0.9984

0.9984

0.9985

0.9985

0.9986

0.9986

3.0

0.9987

0.9987

0.9987

0.9988

0.9988

0.9989

0.9989

0.9989

0.9990

0.9990
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Some notes regarding q 15a (ii)

The 10-day test didn’t want a troll at any of their tests, so that means they want the
probability of a troll appearing to be less than 0.62%.

Thatis, P(X > 1) < 0.62%

So, in the context of proportion and that it is 10-days.

This becomes, P(p = 10%) < 0.62%

So, really the school is no longer looking to the context of 10-days, and instead trying to see
over what time span is needed to assure this,

That is, P(X = 10% of n) < 0.62%
After doing calculations, you find thatn = 119
So,10% of 119 = 11.9

So, the binomial would look like X~Bin(119, 0.05)
The Normal, Y~N(5.95,2.41?)

And so really, P(Y = 11.9) < 0.62%

But this does mean P(Y > 11) or P(Y = 10) is greater than that 0.62% - so this is some
wizardry by the school to seem as though there won’t be trolls, but they had to massively
increase the number of days the test would take place on...

The numbers have been truncated a little, but you see the Probability comes out very close to
0.62%.
https://homepage.divms.uiowa.edu/~mbognar/applets/normal.html

Normal Distribution
X ~ N(p,0)

M =|5.95 o =|24

z — [ P(X>x)=v| 0.00678

0.20
0.15
T o010
0.05
0.00

25 0.0 25 5.0 75 10.0 125 15.0

X
p=E(X)=595 o=SDX)=241 o2="Var(X)=5.808
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https://aus01.safelinks.protection.outlook.com/?url=https%3A%2F%2Fhomepage.divms.uiowa.edu%2F%7Embognar%2Fapplets%2Fnormal.html&data=05%7C02%7Cgarsidep%40abbotsleigh.nsw.edu.au%7Cbe377059bbd2406bacf108ddd85931f5%7C6c1a13b0f153457faaf1432df7641ddf%7C1%7C0%7C638904599789405272%7CUnknown%7CTWFpbGZsb3d8eyJFbXB0eU1hcGkiOnRydWUsIlYiOiIwLjAuMDAwMCIsIlAiOiJXaW4zMiIsIkFOIjoiTWFpbCIsIldUIjoyfQ%3D%3D%7C0%7C%7C%7C&sdata=tl%2Fgg9PgW8D1w7g7ZS0Tmneup%2FRktfFigCOgImP4vyQ%3D&reserved=0
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