Student Number:

James Ruse Agricultural High School

2025 | Year 12 Trial Examination

Mathematics Extension 1

General Instructions e Reading Time - 10 minutes
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e Write using black pen
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e A reference sheet is provided
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Section I Multiple Choice

10 Marks

Attempt Questions 1 to 10

Allow approximately 15 minutes for this section.

Use the multiple choice answer sheet for Questions 1 - 10.

Question 1 (1 mark)
The diagram below shows the velocity-time graph of an object that moves over a 10

second interval. For what percentage of the time is the speed of the object decreasing?

v
M

A. 30%
B. 60%
C. 70%

D. None of the above

@State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.



(1 mark)

Question 2

05 gin~tx
dx
1 — 22

Evaluate the integral I

(1 mark)
The direction field of a differential equation is shown.

Question 3
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Which differential equation, does the direction field best represent?

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
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Question 4 (1 mark)
If 5/? =a+ 2b and }7)_(2 = g — b, which of the following is O—}}?

A 2
30

2a+b

o a w

2a + 3b

Question 5 (1 mark)

sin(3z + z) —sin(3z — z) =
A. —2sin3zxsinz
B. 2cos3xsinx
C. 2cos3zcosx

D. 2sin3zsinzx

Question 6 (1 mark)
Given that |~ <
iven that |——, —

107 10

What is the domain of the corresponding inverse function?

sin bz >
3

] is the restricted domain of the function f(z) =

1 1]

A. Domain: |—=, =
L 3 3_

B. Domain: [—1,1]
-1 1]

C.D in: |—=, -
omain 55

D. Domain: —§,§
5°5]

@State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.



Question 7 (1 mark)

Which of the following is the cartesian equation for the given parametric equations?

r=sin"tt+1
B 1
Y V1—1t2
1
Aly=——
Y 1 —sin(x — 1)
1
B. y=
\/QSina:—sin2:c
1
C.y=——
Y cos(x — 1)
D.y==+ !
Y= cos(z — 1)

Question 8 (1 mark)
In an experiment, positive and negative values are equally likely to occur. The probability

of obtaining at most one negative value in five trials is:

AL
32
B. 2
32
3
c. =
32
p 9
32

Question 9 (1 mark)
Let a, 8 be the roots of the equation 22 — ax +b =0 and A,, = o™ + ™.
which of the following is equal to A, 1 — aA, + bA, 17

A —a
B. b
C.a-b
D. 0

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.



Question 10 (1 mark)
Let X denote the number of times heads occur in n tosses of a fair coin, If P(X = 4),
P(X =5) and P(X = 6) are in AP, then a possible value of n is :

AT
B. 10
C. 12
D. 15

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.



Mathematics Extension 1
Section 1T 60 Marks
Attempt Questions 11-17

Allow about 1h and 45 minutes for this section.

Question 11 (9 marks)

(a) 1. Let z = a be a zero of a polynomial P(z). If P(a) = P'(a) = 0, show that

x = « is a zero of P(x) of multiplicity at least 2.

ii. The equation az®+bx?+c = 0 has a double root, where a, b, and ¢ are non-zero

constants. Show that 27a%c + 4b% = 0.

(b) The population P(t) of bacteria in a dish is modelled by the logistic differential

equation :

dP P

P
gl (1 — ——) where P(0) = P, and t in the time in hours.

8000

. Q 1 1

ii. If the initial population F, is 1000 bacteria,

8000 e
Show that P(t) = ef by solving the differential equation.

7+ es

Exam continues on the next page

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
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Question 12 (9 marks)

(a) Differentiate y = In(tan™! 2x). 2]
(b) i. Expand the binomial expansion of (2 — )°, simplifying all terms. 2]
ii. Hence, find the coefficient of y3, in the expansion of (2 — 3y + y?)°. 2]

f VB 93 9
c) Evaluate the integral ———=dx using the substitution v = z* + 4. 3
© aral | 2 i 3

Question 13 (8 marks)
A farmer noticed that some of the eggs laid by his hens had double yolks. he estimated
the probability of this happening to be 0.05. Eggs are packed in boxes of 12.

i. Find the probability that in a box, the number of eggs with double yolks will be 2]

more than two.

ii. A customer bought three boxes. Find the probability that only 2 of the boxes con- 3]
tained exactly 1 egg with a double yolk.

iii. The farmer delivered 10 boxes to a local shop. Assume that normal approximation 3]
can be used, estimate the probability that the delivery contained at least 9 eggs with
double yolks.

Exam continues on the next page

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
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Question 14 (8 marks)

(a) It is given that the angle 6 satisfies the equation:

sin (29 + %) = 3 cos (26’ + g)

1
i. Show that tan 26 = 3 2]
ii. Hence, solve for 0, 6 € [—27, 7. 3]
(b) Let @, b and ¢ be non-zero vectors. 3]

Let a be the angle between ¢ and b, and [ be the angle between b and ¢, where «

and 3 are acute angles such that oo + 8 # 90°.

Given that proj, a = d, show that
cos a cos [

cos(a+ ) Prode &

proj. d =

Exam continues on the next page

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.



Question 15 (9 marks)

(a) The points R and S have the position vectors p + 2q and 2p — 3¢ respectively.
i. If ORST is a parallelogram, find ﬁ in terms of p and q.
ii. If ORST is a square, show that 2[p|* = 29[g/.

(b) Show by mathematical induction that 7®" — 1 is divisible by 2"*2 for all positive

integers n.

(¢) The diagram below shows the graph of 22 + %> = 1 and y = 2v/32%. The two

1 V3

graphs intersect at P 373 | Find the volume of the solid of revolution where

the shaded area is rotated about the z— axis.

-1.2

Exam continues on the next page

(©)State of New South Wales (Department of Education), James Ruse Agricultural High
School, 2025.
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Question 16 (8 marks)
The figure shows a stage prop ABC' used by a member of the theatre leaning against a
vertical wall OP. It is given that AB = 30 cm,BC' = 100 cm, ZABC = ZAOC = 90°
and ZBCO = 6, where 6 is an acute angle.

1l

iii.

1v.

P
B
J0cm A
100 em
b [
C o

i. Show that OC = (100 cosf + 30sinf) cm.

Let D be foot of B on OC, let E be foot of A on BD.

Express OC' in terms of Rcos(f — a), where R is a positive constant and « is an

acute angle. Show all necessary working.

State the maximum value of OC' and the corresponding value of 6.

Find the value of 8 for which OC = 80 cm.

Exam continues on the next page

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
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Question 17 (9 marks)
(a) Let y = zu.

i. Given that u is a function of z, find an expression for d_y
x

d 2
ii. Hence solve the initial value problem L — —, given y(1) = 2.
de 222 2

Express your answer with y as the subject in terms of z only.

(b) The position vectors of the points A, B and C are i+j, 2i+3;j and 4i+2j respectively.

1
i. Find the position vector of the point P on ﬁ such that ﬁ = gB?

ii. The vertex D of a trapezium ABC'D is taken such that ﬁ is parallel to E,
and ﬁ is perpendicular to 1@ . Find the position vector of D.

End of the Examination.

(©)State of New South Wales (Department of Education), James Ruse Agricultural High School,
2025.
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Question 1:

Speed decreasing when velocity heads towards 0, hence fromt = 2tot = 4, and then
fromt =9tot = 10.

Therefore 30%.

A.

Question 2:
0.5
0 V1 — XZ

n’
36

= (22 -0
2

sin~!x I(sin‘1 x)zr'5
dx = |[———
2 0

TL'Z
7

N

Question 3:

Gradient is positive in 1t and 3™ quadrant, and negative in 2" and 4" quadrant, hence
must be either A or B.

Along y = 0, the slope lines are horizontal and not vertical. Therefore answer is B.

B

Question 4:

0Y +YX = 0X

0Y = 0X - YX
=(a+2b)~(a-b)

=3b.



Question 5.

sin(3x + x) — sin(3x — x) = (sin 3x cos x + cos 3x sinx) — (sin 3x cos x — cos 3x sin x)
= 2 cos 3xsinx

Question 6.

T T

When x € [——,—
10 10

T T
5x € —E,E]
sin5x € [—1,1]
sin 5x 11
e

Therefore domain of the inverse is given by also [— %,ﬂ

A
Question 7.
sinlt=x-1
T T
t =sin(x —1) wherex — 1€ i)
t? =sin(x — 1)
1
y =
\/1 —sin?(x — 1)
_ 1
Jeos?(x—1)
_ 1
" Jeos(x — 1)|
_ 1 (S' le T T )
= cos(x — 1) \VmeeX 2°2



Question 8

P(X=0)+P(X=1) = (1)5 L5 (l)" (1)1

2 2 2
_ 1 5
32 32
_ 6
~ 32
D
Question 9

a+f =a, af =b

Aniq —ad, +bA,_; = (@™ + ™) —a(a™ + ™) + b(a™ 1 + g1

(@™t + ™) — (@ + p)(a™ + ™) + af (@™t + 1)
(@1 + ™) — (@™ + " + a"B + af™) + (@"B + af™)
0

Question 10

PX=5-PX=4)=PX=6)—P(X=5)
2P(X=5)=P(X =6) +P(X = 4)

2 Xn! n! n!
5!(n—5)!_6!(n—6)!+4!(n—4)!
2><6(n—4)_(n—5)(n—4) 6 X5
6!l(n—4)  6!/(n—4)! +6!(n—4)!
12(n—4) =n?2—9n+20+ 30
n?—-21n+98=0

n—14)(n-7)=0

n=14o0r7




Solutions

Question 11

Marker’s feedback

(a)

Multiplicity 1 does not mean P(x) = ax + b.

Remember to use f symbol when solving separable differential equa-
tions. Marks were not taken off but be wary.

8000 1
Don’t write ———— 4P = ~dt,
Ot 58000 — P) 6

Many students used only sum and product of roots methods in part (a)(ii),
right after a question that hints at using roots of multiplicity instead. Be
aware of easier methods that are hinted at by the question.

When removing the absolute value symbols, you need to justify which
case.

Show/prove questions need to read like a good argument for why the
statement is true. It is not a dump of ideas. Where there is a lot of
algebraic steps, you need to guide the reader sometimes - especially if
something derived earlier is used.

(i) Method 1

Since P(a) = 0, then x — « is a factor of P(x). So P(x) is of the
shape
P(x) =(x—-a)A(x).

Differentiating gives P’'(x) = A(x) + (x — @) A’(x).

Since P’(a) = 0, then A(a) =0, sox — a is aroot of A(x), so A(x)
is of the shape
A(x) = (x —a)B(x).

Therefore, P(x) = (x — @)?B(x), so « has multiplicity at least 2.
Method 2

Let a be a zero of multiplicity n, where n € N. We aim to show that
n>?2.

1=

V' Use of P(@) = 0, factor theorem,

and derivative.

V' Use of P’'(@) = 0 and factor

theorem.

© State of New South Wales (Department of Education), James Ruse Agricultural High School, 2025.
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Then the polynomial P(x) is of the form P(x) = (x — @)"Q(x) and
Q(a) #0.

Differentiating gives P’(x) = n(x — @)" 'Q(x) + (x — @)"Q’(x)
= (x— )" (nQ(x) + (x — @) Q' (x)).
where nQ(a) + (x — @)Q’(a) # 0.

Since P’(«) = 0, then the factor (x — @)"~! = 0 as the other one
is not zero. Since P(x) is not identically zero, thenn — 1 > 1, i.e.
n>72.

(i) Let a, a, B8 be roots of ax® + bx?> + ¢ = 0. Note also that none of
the roots are zero, otherwise x will be a factor of the polynomial
expression P(x) on the left-hand side.

Differentiating gives P’(x) = 3ax? + 2bx. v Differentiating P(x).

Since « is a double root, P(a) = P'(a) =0, so

3aa? +2ba =0

aa’ +ba’*+c=0.

Since a # 0, the first equation reduces to 3aa +2b = 0.

. . 2b ioni
Making a the subject: @ = _3_. V/ Significant progress towards
a

solution.
Substitute this into the second equation:
2b\’ 2b\°
il I A e -0
o) o]
8b°  4b3
——+—+c=0
27a%  9a?
—8b% + 12b° +27a*c = 0
. 27a*c+4b° =0 v/ Result proven.
(b) (i) RHS ! + !
i =—
P Q-P
Q-P+P
P(Q-P)
= L =LHS V' Result proven
P(Q-P) '

dP P {8000 - P

o Write 2L 2 £ (8990 =F

() Wite - =% ( 8000 )

Divide factors containing P to the left-hand side, then integrate both

_2_
© State of New South Wales (Department of Education), James Ruse Agricultural High School, 2025.
This material may be used for non-commercial, educational purposes only.



sides:

/ P 8000 P = / " dr v Integrate correct expressions.
1000 P (8000 — P) ~Jo 6 Can do definite or indefinite.
'/P 1, 1 apot
1000 \P 8000 — P 6
P ¢ v/ Significant progress towards
|1n1P|~mnjso00-Pl| == olution.
I | L
In|—— = -
8000 — P|]ip00 ©
P 1 ¢
Inl—|-In=- = —
. 8000-—IJ 7756
P t
In|l——|=-
8000—-P| 6
|
8000 — P '
Since 0 < P < 8000, the expression in the absolute values is
positive. v Justify absolute value, and make
P the subject with sufficient
So, number of steps shown.
P e
8000 — P

7P = 8000e'/® — pe'/®
7P + Pe'/% = 8000e!/°

8000e!/°
P=—'" .
7 + /6

-3
© State of New South Wales (Department of Education), James Ruse Agricultural High School, 2025.
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2028 - Triafle -

MATHEMATICS Extension 1: Question 12

tf2

Suggested Solutions

Marks Awarded Marker’s Comments

,) y: b ( fan™' 20

-~/
u = Tan ax

-
—J

(b) i. Expand the binomial expansion of (2 — )°, simplifying

ii. Hence, find the coefficient of 4*, in the expansion of (2

6 9

1 4 S
+ SC,ax - G.‘I"

Lef J:. .(r\ U A
Jy 2 ﬂ_ - T N2
s u de - 11 (ax)
! of _ cl » 45, - _’- X 2 a
\l’; —ﬁ = -i of % u 1"‘" 4

T ()

all terms.

—3y+17)°.

. .3
b,) SCO-’-SRO _ SC,a[l’c’ "SCa .2324_501 %

3

2]
2

4 _ xS

Dene well !

Some +fueatn ot
J"f'mf/;{y

.—@mud‘f

21 - 40x ¢ Pox? - #40x" + /o . /'f ’
Method / y ;) Smplely ’
i) Let "z(‘?J"Jl)—‘(“ 3)2.._ (2- a)3 Thert wert a /Mme[;&/

~ 3a- &0(33.-3-’) + 90( 3y-y #0 (sy-J D/ cfuchts who
S —_—
+ 10C3y-3)* - C39-) fr vty - method gor The
Cagg& v dJ $o 7&,\‘[ fhe cadeS “ﬁ""ﬂ-": v’f//"o":\z"\
Q2 - f0 n +hou
90 (dy-yi)? = -6 . _r1g60 —@ 20 ente by _calt
s - 4olag-y?)’ = 27TR 4O oy had CPE!
Method 2
3-2g9y?) = (2-9)Crmy)
(.‘ (Zjilf = I- Sj £ 10y’ - /033 + SJ" —Js 6"17 h Small
frw Ca- ¥ = 32- 80y ¢ 80J’- 4‘0‘7"’7‘ foj"J's num be- °/ Sheknis
I’ﬁ) J d uned | Method 2
Cooes for J showing
3a(- foy"’) a =320 coded 74"'
a = -J00
-803(/03 ) JJ
803:[‘ sy) =~ 400
-’fOJ3(’) = — %0
- /560 —0
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Question 13

Bin(12,0.05)
Let the number of eggs with double yolks be represented by the random variable X.
PX>2)=1-P(X<2)
=1-(PX=0+PX=1)+PX =2))
—1- ((12) 0.05)°(095)12 + (1%) (0.05)(0.95)1 + (1) (0.05)2(0.95)1O>
0 1 2

~ 1-0.9804
= 0.0196
= 1.96%

1 mark for demonstrating an understanding of how to exercise binomial probability AND the
need to use complement events in this question

1 mark for obtaining correct answer at the end

Note: Most common mistake here involves students forgetting that they need to evaluate
P(X = 2) as well. Students who didn’t understand the need for (1r2) functions get O, for a

complete failure to exercise binomial probability.

P(1 egg with double yolk in a box) = (112) (0.05)*(0.95)?
~ (0.3413

Let X represent the number of boxes with exactly 1 egg with a double yolk

P(X=2)= (;’) ((112) (0.05)1(0.95)11>2 (1- (112) (0.05)1(0.95)11)1

~ 0.2302
= 23.02%

1 mark for correctly obtaining the probability of having 1 egg with double yolk in any given box.
1 mark for correctly applying binomial probability of there being 2 boxes.
1 mark for final answer

Note: Students who did not realise that they had to find the probability of getting 1 egg with
double yolk first, forfeits 2 marks immediately, because it represents a “fatal” error in which the
crux of the question not understood, and also became unable to find the complement of 1 egg
with double yolk in any given box.



Method 1: Sample Proportion
Bin(120, 0.05)

u=p=0.05

_ ,pq _ ’0.05 x 0.95
o= = 170 ~ 0.02
9 1
9

120 20

p’\ =07 =—
120 [0.05 x 0.95
120

~ 1.26

9
Hh > —| = > 1.
P<p_120) P(Z = 1.26)
~1—0.8962
= 0.1038

1 mark for working out the value of p and a.

Method 2: No Sample Proportion

u=np=005x120=6
o =,/npq = V120 x 0.05 X 0.95 =~ 2.39

P(X >9) = P(Z > 1.26)
~1—0.8962
=0.1038

1 mark for correctly finding the z score required for approximation.

1 mark for final answer

Note:

1. Itis NOT necessary to use continuity correction, it is NOT in the syllabus! If you did use

continuity correction, if you did it correctly you still get the full marks. However, if you used

itincorrectly you lost a mark.

2. Itis NOT necessary to use linear interpolation to obtain a probability value, also NOT in the

syllabus!

3. Roundingis extremely important in this question, since the final mark is allocated on

finding the correct value on the z-score table, markers are unable to assume whether your

error was based on rounding or not knowing how to read from the table. Hence you MUST
use the value of z = 1.26, (NOT z = 1.25,1.2,1.3, 1 etc...).
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