Name:

Class:

Mathematics Extension 2
Task 2, Term 1, 2020

General Instructions

Total marks: 80

* Reading time — 5 minutes

* Working time — 2 hours

» Write using black pen

* Calculators approved by NESA may be used
* A reference sheet is provided

* In Questions 6 —10, show relevant mathematical reasoning
and/or calculations

Section | — 5 marks (pages 2-3)

» Attempt Questions 1-5

+ Allow about 7 minutes for this section
Section Il — 75 marks (pages 4-8)

+ Attempt Questions 6-10

« Allow about 1 hours and 53 minutes for this section
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Section I (5 marks)

Write your answers on the multiple-choice answer sheet provided.

1. Given that (1 — 2i)?= —3 — 4i, the roots of the equation: z2 — 5z + (7 +i) = 0 are:

A 3-1i, 2-1 C. 3—1i 2+1i
B. 3+i, 2—1i D. 3+, 2+1i

2. x=3+44i,y= -1+ 21, find the value of | x |x - yy.
A 15++/5 +20i C. 10 + 201

B. 20 + 201 D. 15—+5 +20i

3. The Argand Diagram below shows the complex number z = x + iy. Which diagram best

represents the complex number iz + z ?
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4. If P = Q, which of the following is logically equivalent?

A Q=P C. PeQ
B. =P=-Q D. =-Q= P

5. Which of the following is the converse of the conditional statement “When Raj stays up late, it is
necessary that Raj sleeps until noon.”

“If Raj stays up late, then Raj sleeps until noon.”
“If Raj does not stay up late, then Raj does not sleep until noon.”

“If Raj does not sleep until noon, then Raj does not stay up late.”

o w >

“If Raj sleeps until noon, then Raj stays up late.”

Section Il begins on the next page.
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Section Il (75 marks)

Attempt Questions 6-10

Allow about 1 hour and 53 minutes for this section

Start each question on a new page. Extra paper is available.

In Questions 6-10, your responses should include relevant mathematical reasoning and/or
calculations.

Question 6 (15 marks)

Start a new page.

a)

b)

d)

Find all the zeros of P(x) = x* — x3 — 2x% + 6x — 4 over C, given that (1 — i) is one of
the zeros.

(i) Express 3 ++/3iand 3 —+/3i in the Modulus Argument Form.

Ly =o.

(if) Find the values of n that satisfy (3 5 vai

1 \n
+\/§i) +(

If w is a non-real cube root of unity, show that (1 + w)3(1 + 2w + 2w?) = 1.
(i) Sketch, without calculating stationary points, the graph of the function f(x) given by
f)=x—-px—q)(x—r),wherep < q<r andp,q,r € R.

(i) By considering the equation f'(x) = 0, show that (p + q + r)? > 3(qr + rp + pq).

Question 7 begins on the next page.
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Question 7 (15 marks)
Start a new page.
a) Sketch the following loci on separate Argand diagrams.
(i) Arg(z+i)=Arg(z—-1)

(i) z—z<|z|?

b)

Ifzy = 3es,z, = 2es, find:
(i) Find z; in the exponential form.

(ii) Find z—z —Z1Zp + Zi in the form of x + iy.
1 2
c) Find the area of a triangle whose vertices are z, iz, and z + iz.

d) Letaand b be rationals and x irrational. Show that if % is rational then a = b.

Question 8 begins on the next page.
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Question 8 (15 marks)

Start a new page.

2)

b)

(©

1+7i

Given that —- = re? r > 0and —m < @ < m, find the value of r and 8 (Provide the value

of 6 rounded to two decimal places).

OPQR is a parallelogram on an Argand Diagram. The point O is the origin, and the point P
and Q represent the complex number z;and z,respectively.

. 243
Given |z;| = == |z,], arg c—i) = %, 0 < arg(z;) < arg(zy) < g,
(i) Provez, = (1 + ?l) Z1.
(i) Prove |z, — z;| = %lzzl.
JRR— Zy - 71
(iii)Find arg (T)

(iv) Given that AQPS is an equilateral triangle and the point S represents complex
number zs. Find the expression of z5 in terms of z;.

2

(i) Prove the following for real and positive numbers a, b.

a+b

22\/@

a+b+c

(i) Hence, show thatva Vb +c < —

(iii) Show that /i+ /i+ /L > 2 fora, b, c>0.
b+c c+a a+b

Question 9 begins on the next page.
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Question 9 (15 marks)
Start a new page.

a) (i) Express cos56 in the form of acos®0 + bcos30 + ccos6, giving the numerical
values of a, b, c.

ii) Find all the solutions of the equation z° + 1 = 0.
(i) q

(iii) Sketch all the solutions of the equation z° + 1 = 0 on a unit circle.
(iv) Express z° + 1 as a product of linear and quadratic factors with real coefficients.

- 3 7 9 ..
(v) Find the value of cos < + cos= + cos = + cos =, giving reasons.

b) Letx,y € Z. Prove that if x?(y2 — 2y) is odd, then x and y are both odd.

c) Prove that a number is divisible by 8 if and only if the last three digits of a number are
divisible by 8.

Question 10 begins on the next page.
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Question 10 (15 marks)
Start a new page.

a) (i) Factorise z* + 1 = 0 into quadratic factors of real coefficients.

(ii) Divide by z2 and hence show cos26 = 2 (c059 — cos %) (c059 — cos%n).

b) If the roots of the equation z* + az3 + (12 + 9i)z2 + bz = 0 are the vertices of a square,
and 2b — 13a = x, find the values of x, where x € Z and a and b are complex numbers.

c) Given a, b, c are positive real numbers with a > b and c? > ab, prove by contradiction that
atc b+c >0
VaZ+cZ  VbZ+cZ '

d) Given # > 3/xyz, show that%+ % +% > % if A, B, C are three interior angles (in

radians), of AABC.

END OF EXAMINATION
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