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2022 YEAR 12 Task 3 Examination

Mathematics Extension 2

General Instructions

e Reading time — 5 minutes
e Working time — 90 min
e Write using black pen

e Calculators approved by NESA may
be used

e A reference sheet is provided

e |n Questions 6-10, show relevant
mathematical reasoning and/ or

Total marks: 40 )
calculations

Section | — 5 marks

e Attempt Questions 1-5
e Allow about 7 minutes for this section

Section Il — 60 marks

e Attempt Questions 6-10

e Allow about 83 minutes for this
section
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Section |

5 marks
Attempt Questions 1-5
Allow about 7 minutes for this section

Use the multiple-choice answer sheet for Questions 1-5.

1. Vectoru = 3i —5j + 4k, and u + v = 0 . Which of the following is the unit vector of v?

_3E VR a7y
10~ 27 5 ~

3V2 . ﬁ'+¥k

B wi-%J

(A)

(C)—22; 42 22y
10~ 27 52

3W2 . V2. 2V2
D) g i-—FJ+=k

2. Which of the following vector equations represents a line passing through the point A (=7, 1, 3) and
is perpendicular to the vector d = —i + 2j — 4k?

-7 -2
(Bw:(l)H(_l)
- 3 1

—7 2
(C)r=<1>+,1<—1>
- 3 1

-7 -2
(Dw:(l)ﬂ(l)
- 3 1
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3. How many of the following vector equations is the same as the Cartesian equation 3x + 2y = 6 ?

l. Z=G)+/1(_23)for/1€]R I. tz(_32)+/1(_32)for/161R1
I, t=(1%5)+/’l(_32)forﬂe]R V. f=(§)+/1(_64)f0r/1611%
(A) 0
B) 1
©) 2
(D) 3

4. For 3™ < n! where n € Z™*, the statement is true for

A)n=7
B)n=>6
C)n=3
(D) AllnezZ*

5. Ifaand b are real and c and d are imaginary, which of the following inequalities will be true.

(A) a®c? + b*d* > 2abcd and a?b? + c?d? > 2abcd
(B) a?c? + b%d? < 2abcd and a?b? + c?d? > 2abcd
(C)a?c? + b%d? < 2abcd and a?b? + c?d? < 2abcd
(D)a?c? + b%d? > 2abcd and a?b? + c?d? < 2abcd

Section Il begins on the next page
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Section 11

60 marks
Attempt Questions 6-12
Allow about 83 minutes for this section

Start each question on a new page. Extra paper is available.

In Questions 6-10, your responses should include relevant mathematical reasoning and/ or calculations.

Question 6 (12 marks) Start a new page.

6 3
(a) | Determine whether the point Q (—3, 1, 4) lies on the line r = < 1 )+ /1< 3 ) , giving reasons.
T \-5 -2
(b) | Let P, A and B be the points (—3,1,—2), (—4,2,—3) and (-2, 3, —1), respectively.
(i) Find proj,b, where PA = a, PB = b.
(i) Find the perpendicular distance from the point B to the line PA.
(c) | The point P(x,y, z) lies on the sphere of radius 1 centred at the origin O.
Prove that |xy| + |yz| + |xz| < 1.
(d) | Use Mathematical Induction to prove that, for n = 1
L syt B2
2 22 23 2n 2

End of Question 6.
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Question 7 (12 marks) Start a new page.

(a) | Determine whether it is possible to find numbers p and g which satisfy the vector equation

(3)-(3)- ;)

(b) | In AABO shown below, let OD = ,HE) = b.

a
A

B E
It is given that DA = 30D and EB = 40E.

(i) Prove that AB = 5b — 4a.

AE and BD intersect at the point P

(iii) Find a vector equation of line AE.
(iv) Find a vector equation of line BD.

(v) Find OP in terms of a and b.

(ii) If |AB| = |AD| and |0D| = |OE|, use vector methods to find the value of cos(2AOB).

End of Question 7.
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Question 8 (12 marks) Start a new page.

(a)

(i) Prove for integersn >r > 1, ( ) < n(:l: i)

(i) Given that
@+by=(g)a"+(})av b+ (5)av2p? + -+ (7) b7

show that for a,b > 0 and integersn > 1, (a + b)"* — a™ < nb(a + b)" 1.

b L
(b) Suppose 0 < t < —.

(ii) Hence show that 0 < — + — — 2 < 4¢2,
1+t 1-t

(iii) By integrating the result in part (ii) fromt = 0to t = x (where 0 < x < %), show that

x3

O<loge( ) ZX<T

3

4x
(iv) Hence show that for 0 < x < T’ 1< (Ti) e <es.
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Question 9 (12 marks) Start a new page.

(@) | Leta + b + ¢ = 1 where a, b, and c are positive real numbers. Find the smallest possible value

o (1) (1) (1)

(b)

(i) Let a be a positive real number. Show that a + % > 2.

1
an-1

1

n+1
+'an+1

. 1 1 o 1
(i) If a™ + = a*t + for all positive integers n = 1, prove a >a" + -
(iii)Let n be a positive integer and a4, a,, ..., a,, be n positive real number. Prove by
induction that (a; + a, + - + a,,) (ai + al + 4 ai) >n?.
1 2

n

(iv)Hence show that cosec? 8 + sec? 8 + cot? § > 9.
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Question 10 (12 marks) Start a new page.

(@) | The function £ is defined by f(x) = %(1 —VI—x)foro<x<1.
Giventhat f; = fand f,, = f o f o ---o f, prove by Mathematical Induction that for 0 < 6 <§
n compositions
and positive integers n
s 2 — cin? 6
fn(sin“ @) = sin o)
(b) | In three-dimensional space, the origin is 0. The sphere S has its centre at the point C, where

0C = c. The radius of the sphere is r, and the position vector of a point on the sphere is m. It is

given that |m — c| =r.
The line £ is tangent to the sphere S at the point p and is parallel to the vector n.

(i) State a vector equation of the line .

(ii) Prove that (p — ¢) - n = 0, giving reasons.

/rz - lp-c|?
(iii) Show that A = ~——F.

[

END of PAPER
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Year 12 Extension 2: Q6

Suggested Solutions

Marks
Awarded

Marker’s Comments

(a)
The point

Q(-3,14)

lies on the line

iff 34 such that

By row 1,
—-3=6+31-1=-3
We check this parameter value with row 2 to find
1+1+(-3)(3)
Hence the point Q does NOT lies on the line.

(b) Let
P=(-31-2), A=(-42-3), B=(-23-1)

(i) We have:
—4 —(-3) -1
M-

-3-(-2)

-2 —-(-3) 1
31 Hzlzzb
~1-(-2)

PA =

and

PB =

Then

a-b
projzb = Wb
Nowa: b =(—1)(1) + (1)(2) + (—1)(1) = 0, which means
proj,b =0b =0

The projection is the zero vector.

1
First mark
for
identifying
what had to
be done
(i.e.
parameter
consistency
check).

1
Final mark
for showing
at least two
equations
were
inconsistent
relative to 4
and its
conseg-
uence.

1
First mark
for
obtaining
both
vectors
correctly.

1
Final mark
for showing
the
projection
was the
zero vector
(not scalar).




(i) Since PB-PA = 0, the line segment PB must be perpendicular
to the line through PA. Hence the perpendicular distance is simply

the magnitude of b:

Ib] = /(D2 + (2)2 + ()2 =6

units.

(c) Consider that
0 < (x| = lyD?* + (yl = 1zD? + (Iz] — |xD?

=20x* +y? +2%) = 2(xllyl + Iyllz| + |z|1x])

=2-1=2(|xy| + |yz| + |zx])

where the last line follows as x2 + y2 + z2 = 1.

Rearranging, we have

lxyl + |yz| + |zx| <1

1
First mark
for
justification
(i.e. the line
segments
are at right
angles as a
result of the
dot product
being 0.

1
Final mark
for correct

distance.

1
First mark
for
appropriate
setup.

1
One mark
for correct
use of the
restriction

2 2
x“+y +
72 =1.

1
Final mark
for correct
conclusion.

If non-standard
inequalities (i.e. those
not listed in the syllabus)
were used without proof,
even if true, full marks
were not awarded.




(d)
We need to show that

1 1 1 1
l4-+5+—s++-5<2

S(n): 2 22T on
is the case Vn € N.
Consider now that
TR . =1+1<1+1+...i)
2 22 2n - 2ntl 2 2 2n

1
<1 +§(2) if S(n) is true

Hence, if the claim is true for case n, it follows it’s true for case
n+1.
Now, for n = 1, we have
LHS=1+1=E<2=RHS
2 2

Since the claim is true for n = 1, and since it is true for n + 1 if

true for n, it follows that the claim is true for all integers n > 1.

1
First mark
for testing
of a base

case.

1
Second
mark for

correct use
of
hypothesis
in the proof
(which
includes
stating its
use when
used).

1
Final mark
for correct,
logical
conclusion.

Many students used sum
of geometric series:

as a starting point, but if
the induction proof had
been worked properly,
this path would have led
nowhere helpful.

If the sum is used, then
you’re forced to take as
hypothesis

1
2 _Z_n <2
as true.

Next step would be to
show that if this is true,
then

1 1 1
1+E+"'+2—n+w

1\, 1
N (2 _z_n) T

1
<2+ o (by hyp.)

which isn’t less than 2.

Using the geometric sum
doesn’t help. It also
makes the fact that the
sum is less than 2 so
obvious that working
with it gets in the way.




Suggested Solutions

Marker’s Comments

Q) Ap+ D9 - A -
“4p-Fq=2 -
3p - 29 =3 -&

3
Su\. NYTO @3
-2-2 _
_L\_p_':(-( __3__e = 2
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— -
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— -
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Suggested Solutions

Marker’s Comments

as |&d| = 1S
(a\ = \ x|
lal® = lie\?
25 |21® + lblal?-uoa-w = alal*
22121%= 4Oa-b

@-b 22
a|? O
a- = 4
lzlye) S
- K
‘l‘\‘) \'me RE . L = '_\e + A (\2-%13
N €R
of f£: lhay A (g-hx)
W) \ine B0 2 - a+ M (O«—S‘g_}

v) P is ‘e wnrerseshion o
AT and QD

R-\- 7\(,&-‘-\-9.3: 9:.\.,(4(&_5&)
“HAz2 + (1+A) o = L\‘\’M)?‘\“BME{
equahing  coeficients:
~UX = \+~4 -®
|+ A= -5
A=-Vv-Su -@
suo. D wro (O




Suggested Solutions Marks Marker’s Comments

_L\'c—\—SM)= \ &+ AA
4L +20MU4 = \+H

Y = -3
M=-% \
LS = 2s () (a-3s9)
= 1o q 415y \
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Question 9

Sunday, 24 July 2022 10:21 pm

Leta + b + ¢ = 1 where a, b, and ¢ are positive real numbers. Find the smallest possible value
of i-1)G-1) (1)

(”)( e
= (-8 (1-b)(I-¢)

" Mf a+b4/(1 = | follow!
C | ful manipulahon
- ('o-l'c)(_a* C)Cowb) Snce otbote = | @
/

abc H 04( “O t DCN

>/ Z\Yolx2mxlﬁl§

Since acty 225 @ um‘r\\ﬂ AML- M inequa['ly
Dloc

= Jabc
bl

=R |

. Smollest PoSSlble value (€ & @ anSwéxr

h) ) Let a be a positive real number. Show that a +- )

(0"0 >0 0R (fa’@ >0 ()
-2+ >0 ax-2+1 >0
a2+ 1220 O
0k 22 Q5 »2

(n) Ifa™ +—>a

all positive integers n = 1, prove a™** +

n+12an+a_1n'
Siven
av‘—%-‘- >/a""+ .,(_
aVl am—'|
we. Con VV\01/p n 40 n«l
O(VH% N LA /LVTT @
a" Q"

(11)Let n be a positive integer and a,, a,, ..., a,, ben pmitixc real number. Prove by
induction that (a; + a; + -+ + an)( + -+t ) =n
ay

[m) Prove tue for n=l

wWhanme W=

LKS= a\xa—l =\

Rug = 1% =1 =tus

oo Trwe fer ned @
ARSume True for n=k
e Slume

)

J o e ] S
Cmiﬁ&?fmfl&[‘>co‘r*&v_d‘ ak)}\(

\PYQVQ, M Q@( Nelest

\eﬁa,fﬂr:f"* Qk*"‘zfQCaL‘k‘i’L b+ o) (e
LHS - (Qmaz* el MC\Q' &, + 5‘% g fi&k—L
= (O,ff“z—t-'- aqueé +é1«”n\$k ~+ —;z G *Oz+'”'*&u> Ope q cliz“ ! f;)_PC Qe et
> K5+ L (ap6ga -‘az) ~ Qe (Q "az +5'L<> * \oj a'%vmph%
Ks O
= ¥? 4 lé;‘ T:—\ s "c.I>+\

Ouext (‘1}00\[&)
>/~|Ln'.(— \%;2'\—\ (R‘QW\ (")> ®

\JJ«@J« \
OLH - @
RHS

S el Esr Y= e |

\)

b))

V)

t Cﬂ/\df\“:(‘/\ﬂ

(iv)Hence show that cosec? 8 + sec? 8 + cot*’ 6 = 9

Let .= a5’ , 0, =50, 0y =lan’®
(%('.429 + ts 20 —PfanQQX (otecd +ae?0 Fet Q) > 32V\U"i o def@ ”W
(1% ton*0) (1nec’ <ce?® <) >4
e O Cwserf@ < S0 € w’@ z@

- oxecr@ 5O + (D T 1?0 ||



Year | Task 2 MATHEMATICS Ext2 Question 10

Suggested Solutions Marks | Marker’s Comments
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Year |1 Task -5  MATHEMATICS T2 Question

)

Suggested Solutions

Marks

Marker’s Comments

®
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Year |).  Task__%  MATHEMATICS Exf 2 Question_[D

Suggested Solutions Marks | Marker’s Comments
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