
James Ruse Agricultural High School

2023 TASK 2 EXAMINATION

Mathematics Extension 2

General
Instructions

• Reading time – 5 minutes
• Working time – 2 hours
• Write using black pen
• Calculators approved by NESA may be used
• A reference sheet is provided at the back of this paper
• For questions in Section II, show relevant mathematical reasoning and/ or

calculations

Total marks:
70

Section I – 5 marks (pages 2–3)
• Attempt Questions 1–5
• Allow about 8 minutes for this section

Section II – 65 marks (pages 4–8)
• Attempt Questions 6–10
• Allow about 1 hour and 52 minutes for this section



Section I

5 marks
Attempt Questions 1 – 5
Allow about 8 minutes for this section

Use the multiple-choice answer sheet for Questions 1 – 5.

1 Given that
2𝑥 − 1

(𝑥 + 1) (𝑥 − 2) =
𝛼

𝑥 + 1
+ 𝛽

𝑥 − 2
, then

𝛼 = −1 and 𝛽 = 1A.
𝛼 = 1 and 𝛽 = 1B.
𝛼 = −1 and 𝛽 = −1C.
𝛼 = 1 and 𝛽 = −1D.

2 Which of the following definite integrals has the largest value?
∫ 𝜋/2

0
sin 𝑥 𝑑𝑥A.
∫ 𝜋/2

0
sin2 𝑥 𝑑𝑥B.
∫ 𝜋/2

0
(1 − sin 𝑥) 𝑑𝑥C.
∫ 𝜋/2

0
(1 − sin2 𝑥) 𝑑𝑥D.

3 Christian thinks he has discovered a fact about even integers. He claims:

“Every even integer greater than 2 can be written as the sum of two prime numbers.”

Which of the following provides a counterexample to Christian’s claim?

An even integer greater than 2 that can be written as the sum of two numbers which
are not prime.

A.

An odd integer greater than 2 that can be written as the sum of two prime numbers.B.
An even integer greater than 2 that cannot be written as the sum of two prime numbers.C.
An odd integer greater than 2 that cannot be written be written as the sum of two prime
numbers.

D.

– 2 –



4 Consider the Argand diagram below.

𝑧

Re(𝑧)

Im(𝑧)

1

−1

Which inequality defines the shaded area?

|𝑧 − 1| ≤
√

2 and 0 ≤ Arg(𝑧 − 𝑖) ≤ 𝜋

4
A.

|𝑧 − 1| ≤
√

2 and 0 ≤ Arg(𝑧 + 𝑖) ≤ 𝜋

4
B.

|𝑧 − 1| ≤ 1 and 0 ≤ Arg(𝑧 − 𝑖) ≤ 𝜋

4
C.

|𝑧 − 1| ≤ 1 and 0 ≤ Arg(𝑧 + 𝑖) ≤ 𝜋

4
D.

5 Consider the following two statements about two positive integers 𝑝 and 𝑞:

𝑃: The number 𝑝3 − 𝑞3 is even.
𝑄: The number 𝑝 + 𝑞 is even.

Which of the following options is true?

𝑃 is necessary and sufficient for 𝑄.A.
𝑃 is necessary but not sufficient for 𝑄.B.
𝑃 is sufficient but not necessary for 𝑄.C.
𝑃 is neither necessary nor sufficient for 𝑄.D.
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Section II

65 marks
Attempt Questions 6 – 10
Allow about 1 hour and 52 minutes for this section

Write your answers on the paper supplied. Start each question on a new page.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 6 (13 marks) Start this question on a new page

(a) 1Find the least positive integer 𝑘 such that cos
(
4𝜋
7

)
+ 𝑖 sin

(
4𝜋
7

)
is a solution of 𝑧𝑘 = 1.

(b) 2Let 𝑚 and 𝑛 be integers. Show that if the complex number 𝑤 is a solution of 𝑧𝑛 = 1,
then so is 𝑤𝑚.

(c) Find the following integrals:

(i) 2
∫ 1

√
𝑢 + 1

𝑑𝑢

(ii) 3
∫

𝑥 cos(𝑥) sin(𝑥)𝑑𝑥

(d) Consider the following statement:

P: “If I am tall and athletic, I am good at basketball and volleyball.”

(i) 1Write the contrapositive of 𝑃 as an English sentence.

(ii) 1Copy and complete the following sentence for the negation of 𝑃:

“I am tall and athletic, ....................................................................................... ”

(e) 3Prove, by contrapositive, that if
𝑚𝑛

2
is an integer, then 𝑚 or 𝑛 must be even.

End of Question 6
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Question 7 (11 marks) Start this question on a new page

(a) Let 𝑧 =
3 + 4𝑖

5
and 𝑤 =

5 + 12𝑖
13

.

(i) 2Find 𝑧𝑤 and 𝑧𝑤, expressing your answer in 𝑥 + 𝑖𝑦 form.

(ii) 1Hence, find two distinct ways of writing 652 in the form 𝑎2 + 𝑏2, where 𝑎, 𝑏 ∈ Z
and 0 < 𝑎 < 𝑏 < 65.

(b) 3By using a suitable substitution, or otherwise, evaluate
∫ 𝜋/2

0

𝑑𝜃

2 + cos 𝜃
.

(c) 3Suppose that 𝑏 and 𝑐 are odd integers. Show that the quadratic equation 𝑥2−𝑏𝑥+𝑐 = 0
cannot have repeated real roots.

(d) 2Prove that there is only one pair of primes (𝑝, 𝑞) such that 𝑝3 − 𝑞3 is also a prime
number.

End of Question 7
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Question 8 (13 marks) Start this question on a new page

(a) Let 1, 𝑤 and 𝑤2 be the three cube roots of unity.

(i) 2Find the value of (1 + 2𝑤 + 3𝑤2) (1 + 2𝑤2 + 3𝑤).

(ii) 2If the equations 𝑥3 − 1 = 0 and 𝑝𝑥5 + 𝑞𝑥 + 𝑟 = 0 have a common root, evaluate

(𝑝 + 𝑞 + 𝑟) (𝑝𝑤2 + 𝑞𝑤 + 𝑟) (𝑝𝑤 + 𝑞𝑤2 + 𝑟).

(b) (i) 2Find
∫

𝑥

1 + 2𝑥 + 𝑥2 𝑑𝑥.

(ii) 3Hence, or otherwise, find the exact volume generated when the region bounded
by the curve 𝑦 =

𝑒𝑥

1 + 𝑒𝑥
, the lines 𝑥 = − ln 3, 𝑥 = ln 3 and the 𝑥-axis is rotated

about the 𝑥-axis.

(c) (i) 2Find constants 𝐴 and 𝐵 such that

4 cos 𝑥 − 8 sin 𝑥 = 𝐴(−2 sin 𝑥 − cos 𝑥) + 𝐵(2 cos 𝑥 − sin 𝑥).

(ii) 2Hence, find
∫ 4 cos 𝑥 − 8 sin 𝑥

2 cos 𝑥 − sin 𝑥
𝑑𝑥.

End of Question 8

– 6 –



Question 9 (14 marks) Start this question on a new page

(a) 3Evaluate
∫ 𝜋/2

𝜋/6

cos3 𝑥

sin2 𝑥
𝑑𝑥.

(b) (i) 1Show that (1 −
√
𝑡)𝑛−1√𝑡 = (1 −

√
𝑡)𝑛−1 − (1 −

√
𝑡)𝑛.

(ii) 4Define

𝐼𝑛 =

∫ 1

0
(1 −

√
𝑡)𝑛 𝑑𝑡 for 𝑡 ≥ 0.

Show that
𝐼𝑛 =

𝑛

𝑛 + 2
𝐼𝑛−1 for 𝑛 ≥ 1.

(iii) 2Hence, show that
∫ 1

0
(1 −

√
𝑡)𝑛 𝑑𝑡 = 2𝑛!

(𝑛 + 2)! .

(c) 4Prove that the square of every prime number greater than 3 is one more than a multiple
of 24.

End of Question 9
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Question 10 (14 marks) Start this question on a new page

(a) It is given that tan 4𝜃 =
4 tan 𝜃 − 4 tan3 𝜃

1 − 6 tan2 𝜃 + tan4 𝜃
(Do NOT prove this).

(i) 3Find the roots of 𝑥4 + 4𝑥3 − 6𝑥2 − 4𝑥 + 1 = 0, expressing your answers in the
form 𝑥 = tan𝛼.

(ii) 1Hence, find the exact value of

tan2
( 𝜋
16

)
+ tan2

(
3𝜋
16

)
+ tan2

(
5𝜋
16

)
+ tan2

(
7𝜋
16

)
.

(b) It is given that 𝑤 = 𝑟 (cos 𝜃 + 𝑖 sin 𝜃) is a solution of the equation 𝑧𝑛 + 𝑎𝑧 +1 = 0, where
sin 𝜃 ≠ 0 and 𝑛 > 2 is an integer.

(i) 1Show that

𝑟𝑛 cos(𝑛𝜃) + 𝑎𝑟 cos 𝜃 + 1 = 0 and 𝑟𝑛 sin(𝑛𝜃) + 𝑎𝑟 sin(𝜃) = 0.

(ii) 2Hence, or otherwise, show that

|𝑤 | ≥ 𝑛

√︂
1

𝑛 − 1
.

You may assume that | sin(𝑘𝑥) | ≤ 𝑘 | sin(𝑥) | for all positive integers 𝑘 .

(c) 4Suppose 𝑓 (𝑥) is a function which satisfies the following:

• 𝑓 ′′(𝑥) is continuous
• 𝑓 (𝜋) = 1

•
∫ 𝜋

0

(
𝑓 (𝑥) + 𝑓 ′′(𝑥)

)
sin 𝑥 𝑑𝑥 = 2

By using integration by parts, or otherwise, find 𝑓 (0).

(d) 3Prove that if 𝑛 is a composite positive integer, then 𝑛 divides (𝑛−1)! except in the case
where 𝑛 = 4.

End of Question 10

End of Examination.
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MC Answers:
1B 2A 3C 4D 5A







Question 7 

a)   

i. 𝑧𝑤 = (
3+4𝑖

5
) (

5+12𝑖

13
) 

       =
(3 + 4𝑖)(5 + 12𝑖)

65
 

       =
15 + 36𝑖 + 20𝑖 − 48

65
 

       =
−33 + 56𝑖

65
  

       = −
33

65
+

56𝑖

65
          1 mark 

 

𝑧𝑤̅ = (
3 + 4𝑖

5
) (

5 − 12𝑖

13
) 

       =
(3 + 4𝑖)(5 − 12𝑖)

65
 

       =
15 − 36𝑖 + 20𝑖 + 48

65
 

       =
63 − 16𝑖

65
  

       =
63

65
−

16𝑖

65
           1 mark 

 

ii. |𝑧| = |𝑧̅| = |𝑤| = |𝑤̅| = 1 

∴ |𝑧𝑤| = 1 →
1

65
|−33 + 56𝑖| = 1 

∴ √(−33)2 + 562 = 65 

∴ 332 + 562 = 652 

 

Similarly, |𝑧𝑤̅| = 1 →
1

65
|63 − 16𝑖| = 1 

∴ √(63)2 + (−16)2 = 65 

∴ 632 + 162 = 652 

1 mark for answer that shows the acknowledgement of |𝑧𝑤| = 1 and |𝑧𝑤̅| = 1 

However, the sums MUST be made up of positive integers 



 

b)  

Let 𝐼 = ∫
𝑑𝜃

2 + cos 𝜃

𝜋
2

0

 

 

Let 𝑡 = tan (
𝜃

2
) 

𝑑𝑡

𝑑𝜃
=

1

2
sec2 (

𝜃

2
) 

𝑑𝜃

𝑑𝑡
= 2 cos2 (

𝜃

2
) 

𝑑𝜃 =
2

1 + 𝑡2
𝑑𝑡 

When 𝜃 =
𝜋

2
, 𝑡 = 1 

             𝜃 = 0, 𝑡 = 0 

∴ 𝐼 = ∫

2
1 + 𝑡2

2 + (
1 − 𝑡2

1 + 𝑡2)
𝑑𝑡

1

0

 

        = ∫
2

𝑡2 + 3
𝑑𝑡

1

0

 

        =
2

√3
∫

√3

𝑡2 + 3
𝑑𝑡

1

0

 

       =
2

√3
[tan−1 (

𝑡

√3
)]

0

1

 

       =
2

√3
(tan−1

1

√3
− tan−1 0) 

       =
2

√3
×

𝜋

6
 

      =
𝜋

3√3
 

         

 

 

 

 

1 mark for finding ALL necessary information 

for the substitution. 

 

 

 

 

 

 

1 mark for correctly integrating into an 

inverse tan function. 

 

 

 

 

1 mark for answer. 

  

 

 



 

c)   

Assume that the quadratic equation 𝑥2 − 𝑏𝑥 + 𝑐 = 0 has repeated real roots, and 

𝑏 = 2𝑚 + 1 and 𝑐 = 2𝑛 + 1, 𝑚, 𝑛 ∈ 𝑍.    

∆ = 0 → (−𝑏)2 − 4(1)(𝑐) = 0  1 mark for recognising ∆ = 0 in the assumption 

𝑏2 − 4𝑐 = 0 

(2𝑚 + 1)2 − 4(2𝑛 + 1) = 0  1 mark for substitution odd expressions into discriminant 

∴ (2𝑚 + 1)2 = 4(2𝑛 + 1) 

Which is a contradiction since:  

- LHS is an odd number since the square of an odd number must be odd. 

- RHS is an even number since it is divisible by 4, hence divisible by 2. 

∴ 𝑥2 − 𝑏𝑥 + 𝑐 = 0 cannot have real repeated roots if 𝑏 and 𝑐 are both odd. 

      1 mark for arriving to a contradiction and conclusion. 

 

Alternatively, 

 

Let 𝑓(𝑥) = 𝑥2 − 𝑏𝑥 + 𝑐 and the repeated root for 𝑓(𝑥) = 0 be 𝛼. 

Since 𝑓(𝑥) is monic and 𝑏 and 𝑐 are integers, 𝛼 must be an integer.  1 mark 

Repeated root → 𝑓′(𝛼) = 0        1 mark 

∴ 2𝛼 − 𝑏 = 0 

𝑏 = 2𝛼 

∴ 𝑏 is even, which is a contradiction as 𝑏 is defined to be odd. 

∴ 𝑥2 − 𝑏𝑥 + 𝑐 = 0 cannot have real repeated roots if 𝑏 and 𝑐 are both odd. 1 mark 

 

Student MUST explain why the root of the equation has to be an integer before using that 

as a premise in your working. 

 

 

 

 

 



 

d)  

𝑝3 − 𝑞3 = (𝑝 − 𝑞)(𝑝2 + 𝑝𝑞 + 𝑞2) 

𝑝3 − 𝑞3 is prime → (𝑝 − 𝑞 = 1 and 𝑝2 + 𝑝𝑞 + 𝑞2 > 1) or (𝑝 − 𝑞 > 1 and 𝑝2 + 𝑝𝑞 + 𝑞2 = 1) 

𝑝 and 𝑞 are prime →  𝑝2 + 𝑝𝑞 + 𝑞2 ≠ 1 as 𝑝, 𝑞 ≥ 2  

∴ 𝑝2 + 𝑝𝑞 + 𝑞2 > 1 and 𝑝 − 𝑞 = 1 

Since there are only 2 prime numbers that have a difference of 1, namely 2 and 3, then, 

there is only one pair of prime (𝑝, 𝑞) such that 𝑝3 − 𝑞3 is also a prime. 

 

1 mark for getting the implication for if 𝑝3 − 𝑞3 is prime. 

i.e. (𝑝 − 𝑞 = 1 or 𝑝2 + 𝑝𝑞 + 𝑞2 = 1) 

 

1 mark for final answer. 
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Ci 40sec 8 sin 2B A Cosa 2A B sink

4 23 A
8 2A B

Solving simultaneously

A F B I One for each

ii f 40sec 8sina doc
Sosa sink

2sinx osx t 20s sin doc Using part i
Jose sink

In 2cosa sinsel t x t C Final answer
















