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Northern Beaches Secondary College

Manly Campus

MATHEMATICS EXTENSION 2

2025 HSC Assessment Task 4
Thursday, 14 August 2025

General instructions

Working time — 3 hours.

(plus 10 minutes reading time)

Write using black pen. Where diagrams are
to be sketched, these may be done in pencil.
NESA approved calculators may be used.
Attempt all questions.

At the conclusion of the examination,
bundle the booklets used in the correct order
within this paper and hand to examination
supervisors.

SECTION I

Mark your answers on the answer grid
provided

SECTION II

Commence each new question on a new
booklet. Write on both sides of the paper.
All necessary working should be shown in
every question. Marks may be deducted for
illegible or sloppy working.

NESA STUDENT #: # BOOKLETS USED:
Marker’s use onl
QUESTION 1-10 11 12 13 14 15 16 Total %
MARKS — — — - _ S _ -
10 15 15 15 15 15 15 100




2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

Section I
10 marks
Attempt Questions 1 to 10

Allow approximately 15 minutes for this section

Mark your answers on the answer grid provided.

Questions

1. If w=a +2ai, which of the following is equivalent to i>w?

A. 2a-—ai
B. a+2ai
C. a—2ai
D. 2a+tai

2. The sign on a fence reads:

"If you are not authorised,
you may not enter."

Which of the following statements is logically equivalent to the one above?
If you may enter, then you are authorised

If you are authorised, then you may enter

If you are not authorised, then you may enter

S awp»

If you may not enter, then you are not authorised

3. Consider the following statement: . Vx, y € R, xy <9 = x<3 ory<3.

Which of the following is the negation of this statement?
A, Vx,yER ,x<3ory<3 = xy <9

B. vx,yeER,x>3andy>3 = xy >9

C. 3x,y€R, withx>3or y>3 such that xy <9

D

Ix,y€R,withx>3 and y>3 such that xy <9

NBSC — MANLY CAMPUS



2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

4. Which of the following is the region in the Argand diagram specified by iz —i > 47

A. B. C. D.

Im(z) Im(z) Im(z2) Im(z)

> Re(z) Re(z) Re(2)

A vector makes equal angles of Z with the positive directions of the x —axis and the y — axis.

What angle does the vector make with the positive direction of the z — axis?

3n
.0 T T =L
A B 2 C 5 D 1
The complex number % is shown on the Argand diagram below:
A
L ]
D
o
\ 0
[ ]
C
) B
L]
Which one of the points could correspond to the complex number z?
A. A B. B C. C D. D
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

7.  Given that 2 — i is aroot of P(z) = z* — 223 + az? + bz + 50, where a, b € R,

which one of the following is a factor of P(z)?

A. Z?+4z-5

B. z2+4z+5
C. z2+2z-10
D

22422+ 10

8. The curve r(f)=(¢2, t*, %) is defined for all real values of .

Which of the following graphs best represents its projection onto the xz -plane?

A. B
z z
10 + 104
5+ 51
= 4 I > x : ; ; 4 : > x
-3 o2 3 -3 2 -1 1 2 3
-5+
~10 +
C D.
z z
10 4 10 =
5+ ST
: ; = ; : B> x i ; ; % = > x
-3 2 -1 1 2 3 -3 2 -1 1 2 3
-5+ -5+
-10 + —10 +
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6 2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

9. Which of the following is equal to the integral below?

Vs
2
dée
fl+sm9+cos@
0

A.
j1+9d9
1
B. j 5 o
2+ 20 — 62
c. 2
f1+62d9
1+6
0
D.

do

T

2

f 1—sinf® —cos@
2 — 2sinfcos 6

0

10.  The point P with position vector OP =4 i+ 5/ + 6klies on a sphere with centre O.

Which one of the following points also lies on the sphere?

A. A with position vector OA = 2i+5j+7k
B. B with position vector OB = Si+5j+5k
C. C with position vector oC = 2i+3j+8k

D. D with position vector OB=2 i+6j+6k

End of Section I
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4 7

Section 11

90 marks
Attempt Questions 11 to 16
Allow approximately 2 hours and 45 minutes for this section.

Write your answers in the writing booklets supplied. Additional writing booklets are available.
Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Start a new writing booklet

Marks
(a) Consider the complex numbers w =2 —iand z = 1 + 3i.
Find the following in the form a + bi, where a and b are real. Show your working.
i w?
1
. 1
(11) = 2
(b) (i) Find A, B and C such that: 2
8x + 3 4 4 Bx +C
(x-=2)(x2+1) x—-2 =x2+1
(1)) Hence or otherwise, find 2
f 8x + 3 J
G- +D
(c) Find the square roots of 12 — 161, giving your answers in the form a + bi,
where a and b are real numbers. 2

Question 11 continues on the next page.
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

Question 11(continued)

(d) Consider the vectors u=2v/2 i+2y/2 j+8k and v=6i+6;+2v2 k

6)) Find the angle between vectors u and v . 2
(i)  Find the projection of the vector » onto the vector y . 2
(e) Find f tan“x dx. 2

End of Question 11
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4 9

Question 12 (15 marks) Start a new writing booklet

Marks
(a) Consider the statement: " forx€ R: xZ—x>0=>x<0"
(1) Show that the statement is false. 1
(i1) State the converse of the statement. 1
(ii1) Determine, with proof, whether the converse is true. 2

(b) (i) Express the complex number —2 + 2iv/3 in complex exponential form with principal
argument. 2
(ii) Hence, or otherwise, find the fourth roots of —2 + 2i+/3 in simplest complex exponential

form with principal arguments. 2

1-z

(c) Show that Re(1 -

)=Oforanyz€(€with lz|=1 2

(d)  An object is moving so that its displacement, x metres, is given by x = 5cos?¢+ 4sin’¢
where ¢ is time in seconds.
(1) Show that the motion is simple harmonic. 2

(i1) State the centre, amplitude and period of the motion 3

End of Question 12
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10 2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

Question 13 (15 marks) Start a new writing booklet

Marks
. . . . . -4 y+
(a) Consider the line /, with cartesian equation XT 2);73 = —%
1 2
and the line /, with parametric vector equation r=| 0 |+A| 1| (A € R)
-1 1
(1) Find the parametric vector equation of /, 1
(11) Show that the lines /, and /, do not intersect. 2
(b) Use a proof by contradiction to prove that there are no positive integers p and ¢
such that p?—¢?>=2 2
3

(c) Find f 13 e
V6x— x2

(d) Sketch the region defined by |z—i|<|z+i| and —%SA rg(z—1i) Sg on a carefully drawn fully
labelled Argand diagram (1/4 page). 3

T
(e) Let I”:f x" sinx dx.
0

(i) Showthat 7 =n"—n(n—1)I, ,forn=2 . 2

(1) Evaluate 7, 2

End of Question 13
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4 11

Question 14 (15 marks) Start a new writing booklet

Marks

(a)  Use the substitution 7= tanx to find J‘; dx 3
sinx cosx

(b) A particle moves in simple harmonic motion such that its acceleration is x=-25(x—4)
Initially the particle is located at x =6 metres from the origin and has a velocity of — 10 ms~ !,

Determine the range of motion of the particle. 4

(c) Consider the lines with parametric vector equations:

(v (1 0
y[=10]+A]-1] (» € R)and
(x) (o 1
yI=1 1]ty 0f(heR)
\z) \-l -2
Find the point of intersection of the two lines. 3

Question 14 continues on the next page
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12 2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

Question 14 (continued)

(d)

18

NOT TO SCALE Q

c

ol

& P ka B
In the diagram OABC is a trapezium in which OA = a, oC = c and CB =kOA
for some constant 0<k<1.

The points M, N, P, and Q are the midpoints of OA, AB, BC, and CO respectively.

(1) Use vector methods to show that MP and ON bisect each other. 2
2 2
(i) If MP 1L ON use vector methods to show that ml = IABI 3

End of Question 14
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2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4 13
Question 15 (15 marks) Start a new writing booklet
Marks
(a) Consider the sequence of propositions P, n=1, 2, 3 ... defined by
P, : 14" can be expressed as the sum of the squares of three different positive integers
(i) Show that P, and P,are true. 2
(1) By considering P, and P, ,, , use Mathematical Induction to prove that P, is true for all
positive integers n=>1 3
. +
(b) (i) Show that - = - for z -1 1
1+z!
. . . + + i si
(i1) Hence, find the imaginary part of I+ cosa l S 2
1 +cosa—1i sina
. (1+sino+i cosa)”
(i) Let a € R,n €Z" and B,= : .
1 Tsina—1i cosa
) T
Show that B,=cos n |=—a|+isinn |=—a 2
2 ) 2
L
3 .
(©) Let /,= | tan""!x secx dx. Given that f tan x sec x dx = sec x,
0
n
. 2x32
1) Show that [ = - 1 3
( ) n n + 1 n + 1 n-2
(i1) Hence find 7, 2

End of Question 15
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14 2025 MATHEMATICS EXTENSION 2 HSC COURSE ASSESSMENT TASK 4

Question 16 (15 marks) Start a new writing booklet

Marks
(a) Find I cosec >x secx dx 3
(b) (1) If x=y>0, prove that x* "> x” y*. 1
(i1) Hence, or otherwise, prove that for real numbers ¢ >b>c>0 ,
at+b+c
a® b® c¢= (abc) 3 3

Question 16 continues on the next page
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15

Question 16 (continued)

(c) A regular tetrahedron OABC has sides of length 1, where O is the origin.

NOT
TO
SCALE

=

l-x

Let P and Q be the points that divide sides AB and BC in the ratio x:1— x as shown,

where 0<x < 1.

Let O_A’chz, EB’ZQ and _C’Zg.
L 1
It1sg1venthatg-l3=Q-g=g-g=§

(i) Show that |OP |=v1 —x+x2.

. +x—x2
(i) Let f(x)= 1’“—’62 where 0<x<1.
l—x+x

Without using calculus prove that 1 <f(x) Sg

(ii1) Determine the range of values of 2POQ

End of assessment
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Mathematics Extension 2 Trial HSC — solutions and marking guidelines (DRAFT)

iXa+2ai)=—ila+2ai)=—ai —2ai’=2a—ai A
2 The contrapositive is: If you may enter, then you are authorised. A
3 The negation of the given statement must contradict the implication by stating the existence | D
of two real numbers greater than 3 with a product less than or equal to 9
4 |ilx+iy)—ilx—iy)= —2y>4 B
= v <=2
5 | Ifa,B,y are the direction cosines, then cos’a +cos’3 +cos?y =1. C
T
— = 2., = —
a=p=—=cosy=0=yp=—
F=- Y r=-
6 Let§=Rci59,where0<R<1and0<9<§. B
11 1 0
Z= 1" Rcis(8) R cis(=6)
z
% > 1 and given the argument of —8 which is a reflection in the x-axis, the point B best
represents the complex number z.
7 Since the polynomial has real coefficients, any complex roots occur in conjugate pairs. D
Hence, 2 + i is also a root. The two roots give the quadratic factor (z -2 - i))(z -
(2+ 1)) = (2% — 4z + 5). The other quadratic factor takes the form (22 + pz + q), for
some real numbers p and q. Since we require the constant term to be 50, the required factor
is 2> +22z+10.
8 rpm_ ()= (r2 0,t6) = (x,O,x3) where x >0 C
']\‘Z
9 | Lett =tan? = g9 = 2% A
2 1+t
When@z;,tz 1;06 =0,t=0
Y
2 1
. J‘ de J‘ 1 o 2 it
1+ sin6 + cos @ 1+ 2t 1—t2" 1+¢2
) 0 1+2 71426
f 2dt f 2dt f dt _f dé
1+t2+2t+1—1¢2 2t +2 t+1 Jo+1
0 0
10 | Radiusis |0P|=]|0C|=+/77 but |0A|=+/78, ]GBE=~./ 75 and C
icTﬁ;:J%
la |w?2=02—-)?=4—4i+i2=3—-4i 1 mark
i
11 1 _ 1 _ 1 _ 1 3 4i 3—4i 3 4 2 marks —
ail |[w+z Q+i)+@+30) 3+4i 3+4i3-4i 25 25 25 correct
solution
1 mark —
attempts to
realise
denominator
11b | 8x+3=Ax?*+ 1)+ (Bx+C)(x —2) 2 marks
1 Letx = 2,then A = D correct
1 2 solution
Letx = 0, then 3 =?—2C:>C =3
Letx =1,then11=2(3)-B-2=B=-2 1 mark for
5 5 finding 4, B

or C




11b —19 2 2 mark
- 8x +3 19 1 =x+g S
1 > dx=— | —5dx+ | =5—=dx correc
(x=2)(x2+1) 5J)x-2 x4+ 1 solution
_19l ) 19f x d+2f 1 4
Sl -2 -7 | aiadrts ) 1 mark for
19 19 ) Integrating at
_ least one term
=—1 —2|——In(x*+1) +-tan™! C
5 nlx | 10 n(x®+1) + 5 =X+ correctly
11 Letz = x + iy, wherex,y € R. 2 marks
c correct
Hence, solve the equation z% = 12 — 16i. solution
(x +iy)? =12 — 16i
x% —y2 4 2xyi = 12 — 16i 1 mark for
correct
Equating real and imaginary parts, equation in x
x2—y?=12andxy = —8 ory
Solving equations simultaneously,
—8\2
x? — (—) =12
x
x*—12x>-64=0
Using the quadratic formula, x = +4, ~ y = 2.
Hence, the square roots are 4 — 2i, —4 + 2i.
11d ) U.v (12+ 12+ 16) 4/2 1 n= 2 marks
1 costl == = S U=
; 4
[E”,‘ti A/ 80 X 4/ 80 \f?- 1 mark for
correct
numerator or
denominator
11 "= 1 1 . . 2 marks
.. -0 = . y = —_y = 2 27i+2k
dii | Proj, ¥ |u|cosd v =4/80x ﬁx JS_DE 3Y2i+3y J+2k
1 mark for
partially
correct
expression for
the projection
lle 4 _ 2 2 2 marks
tan"xdx = | tan x(sec X l)dx
1 mark for
= f tan’x secx — (seczx - l)dx correctly
1 obtaining one
= —tan3x —tanx + x + ¢ of the terms
3 of the
primitive
function
12a | Method 1: 1 mark

A suitable counterexample is x = 2 since 22 —2 >0 without requiring a negative
value of x.

Method 2:




x?—x>0
x(x—1)>0
x<0 orx>1 (from graph)
x <0 may not be the case

12 | Converseis: "If x<0, then x>—x>0". 1 mark correct
aii solution
12| Method 1: 2 marks —
a | Letx <0. Thenx* > 0 and -x > 0. Adding these gives x> + (-x) >0 > x> — x>0 correct
iii solution
Method 2: . .
Let x <0. Then x — 1 < 0. Multiplying these gives x(x —1)>0 = x*> —x >0 coTer:t -
method with
Methpd 3: - unclear
Consider the graph of y =x"—x . reasoning
We can see that for x <0, x>—x>0.
12 2 marks —
bi correct
1 mark —
21 correct
—2 4 2iV3 = 4e'3 modulus or
argument
12 | Let z = re'® be a fourth root. Thus, 2 marks —
bii | , 4 l-23_7T correct
Z = e o solution
_ e
z=12e 2n(1f3k) 1 mark — finds
z=+2e" 12 ,k=0,123 one correct
That is, root

51

LT 2T .TT .
z=+2e'%,\2e'3,V2e7 5, \/2e "6




N 9
=1
Since acceleration is proportional to displacement, the motion is simple harmonic.

12 | Letz=x+iy 2 marks
c ( ;
1— l—(x+i
Re( Z) =Re M] 1 mark for
I+z \1 T tiy) rewriting
( : 1—
_ (1-x)—iy z using
=Re T 1+z
\( X)+ iy conjugate
R ((1 —x)—iyx(l+x)—iy properties
=Re
(I +x)+iy (1+x)—iy
)
_ ( 1 —x2—y?
(127 +)?)
)
(1= ?)
(1 +x)7+)?
(1P
((1+x)7+)?
(
1-1
= .2 as |Z| =1
(1 +x)"+y
=0
Method 2: A complex number w is purely imaginary if w +w=0
-z [1-z
+
l+z \l+:z
_ 1z N l_i
l+z 1+Z
_1+Z—z—zz+1-Z+z-2Z
l+z+z+zZ
22z
1+2Re(z) + |z
__2-2
2+2Re(z)
=0
l+z. ) .
" - s purely imaginary
Method 3:
Let
12 | x = 5cos?t + 4sin®t 2 marks
di | x = 4cos?t + 4sin’t + cos?t
x =4+ cos?t 1 mark for
x = 4 232041 finding a
9 cosat correct
x=-+— expression for
X = —sin2t the
X =—2cos 2t acceleration




12 | Centre =4.5, 3 marks

dii | Amplitude =% [1 mark each]
Period=n

13 )x-4_y+3_ z_

ai |77 2 6 "

x=4+7pn
y=-3+2p
z=-6pn
4 7
1= 3+ p 2
0 -6
13 | If they meet it would be where (x,y,z) equal on both lines.
aii equating x, y, z components gives
4+7p=1+21 Q1
S3+2u=212)
6u=-1+1Q3)
sub (2) into (3)
-op=-1-3+2p
Su=-4
_1
H72
A=-2
sub into (1)
7
4+—-=1-4
2
7.5 =-3 not true . lines do not intersect

13 | Suppose that there exist positive integers p and ¢ such that 2 marks -

b | pP=g*=2=(p—q)p+q)=2 Derives
Since p and g are positive integers, p —g < p + ¢ are also integers. contradiction
Now consider all pairs of positive integers whose product is 2: the only possibility is | clearly (e.g.,
p—g—landpTyq P~ 5497 "5 which contradicts p and ¢ being integers. | and
Hence the assumption is wrong and no such positive integers p and ¢ exist. concludes

correctly

1 mark — sets
up
contradiction
and shows
(p-
9)(p+q)=2
with correct
factor pair
up

13

Completing the square in the denominator,

1—3x
—d
fw/9—(x—3)2 ¥




Letu =x—3,

du = dx
1-3u+3) —3u—8d
_— u = _—
V9 —u? V9 —u?
u
=3 9—u2—851n‘1§+C

u
u=—3f
NCE

—3/9-(x—3)2-8sin' "4

3
_3
=3 6x—x2—85in_1xT+C

letz=x+iy
lz—i|<|z+ ]
Ix+iy—i|<|x+iy+i
iy —DI<p+i(y+1)
-1 <P+ (1)
X +y? -2y +1<x?+y?+2y+1
2y<2y
0<4y
y>0
y

4

(the perpendicular bisector of the interval from -i to 7)

CIENHE]

2

2+

34




13 o
ei 1,= J x"sinx dx
0
u=x" dv=sinx dx
du= nx""! V= —CosXx
T
1,= [—x”cosx](n,O)—J —cosx nx" "1 dx
0
T
=[-n"%x-1-0] +nJ‘ x""lcos x dx
0
[7"] +nf x""lcos x dx
0
u=x""1 dv=cos x dx
du= (n-1)x""2dx v=sinx
( n
I,=n" +n| [x" ! sin x](n,0) — J sinx (n—1)x" 2 dx
\ 0
T
I,=n" +n| [x" ! sin x](n,0) — (n— I)J x" 2 sinx (n—1) dx
L 0
I,= 7" +n([0-0]-(n-1)I, ;)
I,=n"—nn-1I, ,
13 | I,=n*—4x3x[,=n*-121,

e i

L=n?-2x1x[,=n*-2I,
[o:f x%sin xdeJ sinx dx= —[cosx](m,0)= —(-1-1)=2
0 0

I,=n*-4
I,=n*—12(n?—4)=n*— 127+ 48




14a 1 1
1= J— dx= I— dx
SINX COSX 1, .
—(sin 2x)
2
2
- Jsin 2x dx
let = tanx
. 2t
then sin 2x =
1+7
)
and cosec 2x = 1+7
2t
x=tan't
dx= ! dt
1+7
I 201+ 1
How 2t 1+
t
=In|tf|+c
=In|tan x|+ ¢
14b Criteria Marks
e Correctly solves the inequality and determines the range of 4
motion
e Substitutes into the velocity equation and sets v> > Oto find 3
the limits of motion
e Integrates both sides and uses the initial conditions to find the 2
constant of integration
o Corre%cly uses the chain rule to relate acceleration to velocity: 1
v
a=v d_ and sets up the differential equation
X
Sample answer:
dv I, 25,
v—=—25(x—4)= —v?= ——x?+ 100x +¢
dx 2 2
x=6,y=—10=50=—450+600+c¢
=c=—100
p2= —25x2+200x — 200 = —25(x% — 8x + 16) + 200 =200 —25(x —4)2
v2>0=25(x—4)*<200
=(x—4)°<8
= —22<x-4<2\/2
=4-2/2<x<4+2\/2
i.e. the particle moves between x =4 — 2\/5 and x =4+ 2\/5




14c

x:1=p (@
y:-A=1@)

z:30=-1+20.(3)

1

n
r=-1

point of intersection is (1, 1, -3)

14d

Answer
. . s 1 = —
Nis the midpoint of 4B. .. ON= ;( OA 4+ OB}

— 1 1 T
3 0N='5(,€+(E+kf))=§f+;(k+ Da

1, = = 11 1 1

. ;(OQ-I-ON) -—-'?(-2-54- —2‘54- -2—(k'1" 1) g)

1 1
—'E'g*i*?(k-l-l)g
But +(OM+ 0P) =~ ~a+ (c+ ~ka |)=—c+ —(k+1
ut;( + )—?(E‘Eﬁ- f:-l-?_ E))—?E+?( + )g
L — 1

Hence QN and MP have a common midpoint I where OT = %c + :( k+1)a.

Hence ON and MP bisect each other in their intersection point 7.

14
dii

Answer

MP=MO+0C+CP=~ %-a.-i- c+ %kf:f-]—-;—(k— 1) a

Q7\’=(,75+ ON=— -;—c + —,l’-c + —i—( k+1Da :%(k+ Da (using the expression for ON found in ()]
Hence if MP L ON, (c+ = (k- 1)a).(%(k+ 1) a)=0, giving. a.c==~(k~1)a.q

AB=AO+OC+CB=— tka=c+(k-1a

c
)(c+k=Da)
zf.g +2(k=1)a.c

~|aBlP=(c+ (k-1 a
=c.c+ (k-1

=5_5+{(fc— D24+ 2(k=1) (—%(k— 1))}3.3 if MP1 QN

Il
0

IS

I
=)
a
BT

15
ai

141=124+22+ 32 hence Pyistrue. 142=122+ 62+ 42 hence P> is true.

1 mark for
each P1 and
P2

15
ail

TYRIT TXIE, O

Criteria Marks
Uses mathematical induction to establish the truth of all the propositions P, for integers n> 1 3
Substantial progress eg. shows the truth of P; implies the truth of P2
Some progress eg. attempts to incorporate truth of Py into consideration of Pi:1 or Pra

— |

Answer
If Py is true: 14k=q24 b2+ ¢2 for different positive integers a, b, c. *
Consider Prr 1 14%+2=142x 14%
=14% a2+ b2+ c?)  if P:is true, using *
=(14a) 2+ (14b) 2+ ( 14c) 2, where 14a, 14b, 14c are different positive integers.

Hence, if Py is true, then Pis2 is true. But P is true, therefore by mathematical induction, P, is true for all
odd integers 2> 1. Also P is true, and therefore by mathematical induction, P, is true for all even integers
n> 2. Hence P, is true for all integers n> 1.

15

I+z 1+z  T+z

= =7z
1+l z+1 1+z
z z

1 mark —
correct
solution




15 | letz=cos a+isin a
il | then z'! = cos(— a) +isin(— a)
=cos 0.— isin a
1+ (cosa + isin a)
an —
1 —(cosa—isin a)
l+z .
= 1=z=cosa+lsma
1+z
the imaginary part is sin o
15 | letz = sina + icos a 2 marks —
b 142 Y corre‘ct
iii | B,= I solution
1+z
=Z" (from (7)) Imark—
. . " finds Bn in cis
=(sin o+ icos a) form
n
T N
=|cos (E — a) + i sin (5_ a) (complemetary angles)
=cos n|Z—a|+isin n]Z-a
2 2
1 z ks —
> | For I, = [3tan™*1xsecx dx 3 marks
cl 0 = correct
Rewrite as I, = [ tan™x tan x secx dx solution
Using integration by parts,
u = tan™x, v’ = tanxsecx 5 mark
u' = ntan™ x sec?x,v = secx marks —
T T substantial
3 - 3 progress —
f tan™xtanxsecx dx = [tan™xsecx]3 — nf tan™ 1x sec3 x dx correct
integration.
0 0
Y3
3
n
= [2 X 32] — nf tan™ 1x sec? x secx dx 1 mark — uses
0 integration by
g parts and
n ne1 5 makes some
= [2 X 32] —n | tan™ 'x (tan“ x + 1) secx dx progress
0
T
3
n
= [2 X 32] — nf tan™1x secx + tan™ lxsecx dx
0
n
Iy = 2% 32| = nl, = nly_y
n
nly + Iy = [2 % 32] = nl,_,
n
2 X 32 n I
"Tn+1 n+1"?
2
5 _2x32 2 . 6 2, _ 2 2 marls —
cu 12—2+1_2_+10—§_510—2_510 correct

solution.




3

n —_—
Iy = [$tanxsecx dx = [secx]} =1

1 mark — finds
Ipor

equivalent
I ) 5 1 4 merit.
=z2—=X1==
2 3 3
16a B 3 3 marks —
I=] cosec’ x sec x dx correct
solution
[ cosec?x
= P E— dx
J sinx cosx
~ 2 2 marks —
1 +cot )
= —x dx substantial
J sinx cosx progress —
8 1 cot?x coSsx partially
I + . X dx correct
J sinxcosx SINXCOSX COSX ) )
~ integration
=] 2 cosec 2x dx + | sec’x (tanx)™ dx
J 1 mark —
some
let/,=2 J cosec 2x dx progress.
Manipulates
let z=tan x integrand so
1 as to make
dx= 2 dt progress
towards
1+ 72 solution.
cosec 2x =
2t
1+ 2
1= dt=In|t|+ ¢ = In|tanx| + ¢
2t 1+ ~ ~
and [ = Injtanx|— —tc¢
an“x "~
16 x=>y>0 1 mark —
bi X correct
-= 1 solution
Yy
x y
X X
Yy Yy
©
X
oo
Xy =¥ y*
16 3 marks —
bii correct
F XY > yYyXx .
romx=y= = X7y~ solution
a®b? > abp?
2 marks —

bbc¢ > pech

cta® = c%a®

Multiplying these inequalities,

2
(aabbcc) > ab+cba+cca+b

multiplies the
3 inequalities
correctly

1 mark — uses
partito
obtain a
suitable
inequality




Multiplying by a®b?c¢,

3
(aabbcc) > aa+b+cba+b+cca+b+c

(aabbcc)3 > (abc)a+b+c

Therefore,

a+b+c .
a®bPc > (abc)” &  as required.

—_— @ —

16c OP = a+xAB 2 marks
1 —_ correct
AB= —a+b solution
so OP=a+x(-a+b) 1 mark —
=(1-x)a+xb correct vector
. — expression for
|op |- Vop - oP OP.
OP - OP = ((I-x)a+x b)-(1-x)a+x b)
=(1-x)?a-a +2x(1-x)a-b +x*b-b
=(1-x)>+x(1—x)+x? (asb-b = \Q|2= 1 (same fora)anda-b = % (given))
=1-2x+x2+x—x>+x?
=1-x+x?
and |&>'|= V1-x+x?
16¢ l+x—x% 1+x(1-x) 3 marks —
i f(x) = 7= correct
l-x+x* 1-x(1-x) i
solution
:1+x(1 —X) y 1 —x(1-x) 2 marks —
I-x(1-x) 1-x(1-x) progress
5 5 towards
:M second
(1-x(1-x))? inequality
1 mark —
Consider x(1 —x) for 0 <x <1 correctly
shows one
side of the

inequality




Local Maximum

0.4‘-‘ 1 1

0.2

1 0.5 ; 0.5 1 1.5
0.2

In the domain 0 <x <1

1
1 —x)<=
0<x( x)_4

when x(1 -x)=0

butx(1 -x)>0 = f(x)>1
Wh 1 1

en x( —x)—4

1)’ 15
1_(4) _16_15
[

but x(1 —x) S% o f(x) S%

W | Wn

f(x)=

H
alel=

N

combining the inequalities

so 1 <f'(x) Sg




Alternate solution:

_ 1+x—x° = 1+x—x2—(l—x+x2) _ 2x —2x2

Now, f(x)—1= - =
o f(X) 1 —x+x2 1—x+x2 1—x+x2
_ 2x(1=x)
3 )2
_+ x——
4 2
>0, sincex>0and 1—x>0 =x(1—-x)>0
3 12 3
and —+|(x——| 2—>0
Hencef(x) >1 (1)
oS ) 5 14x—x2 S(1—-x+x2)=3(1+x—x2) 2-8x+8?
A = = — - = =
3 T 3 1—x+x? 3(1-x+x2) 3(1—x+x2)
o 2(1-2x)?
BT
(51
20
5
Hence f(x) € ; (2)

5
Combining (1) and (2) gives 1 <f(x) < 3




16

11l

00= b+xBC

BC= -b+c
00=b+tx(-b+tc)
=(-x)b+xc

and as in (i) | OQ |=V 1 —x+x?

OP - 00

cos £POQ = 0PI 100

((1-x) a+xb)-((1-x) b+xc)
\/1 —x+x? \/1 —x+x?

(-x)a-b+x(1-x)a-c +x(1-x)b-b+x*b-c

1 —x+x?

1 2y, 1 2 2,1
—(1-2x+x*)+=(x—x>)+x—x*+=
2(1 2x+x°) 2(x X )+tx—x ok

| —x+x?
:l 1 - 2x+x2+x—x2+2x—2x%+x2
2 1-x+x?
:l 1 +x—x2
2 1—x+x?

so from (ii)

%< cos £POQ S%

0.585 < 2 POQ <§, or

33.6°< £POQ<60°

3 marks —
correct
solution

2 marks —
correctly
expresses

£ MON asa
quotient of
dot product
and
magnitude

1 mark —
correct dot
product fully
simplified
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